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> . Abstract 

Let G be a totally disconnected, locally compact group. A locally nor- 
lO ■ mal subgroup of G is a compact subgroup whose normaliser is open. We 

T^lj- I begin an investigation of the structure of the family of locally normal sub- 

CD ■ groups of G. Modulo commensurability, this family forms a modular lattice 

CJ\f{G), called the structure lattice of G. We show that G admits a 
canonical maximal quotient H for which the quasi-centre and the abelian 
locally normal subgroups are trivial. In this situation CN{H) has a canoni- 
^\ ■ cal subset called the centraliser lattice, forming a Boolean algebra whose 

j^ , elements correspond to centralisers of locally normal subgroups. If H acts 

faithfully on its centraliser lattice, we show that the topology of H is de- 
termined by its algebraic structure (and thus invariant by every abstract 
group automomorphism) , and also that the action on the Stone space of the 
centraliser lattice is universal for a class of actions on profinite spaces. 
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1 Introduction 

The aim of the present article, the first in a series, is to introduce some canonical 
objects of a local nature for studying the structure of non-discrete totally discon- 
nected locally compact (t.d.l.c.) groups in general. Our appraoch was inspired 
by earlier work of J. Wilson [16] on just-infinite groups, and by Barnea-Ershov- 
Weigel [T] on abstract commensurators of profinite groups. While this article 
concerns general t.d.l.c. groups, the second paper in the series [S] will specialise 
the tools developed here to the study of compactly generated t.d.l.c. groups G 
with few normal subgroups, and in particular those that are topologically simple. 



1.1 Background 

Since the solution of Hilbert's fifth problem by Gleason, Montgomery-Zippin and 
Yamabe, connected locally compact groups are known to be subjected to a far- 
reaching structure theory, ensuring notably that they are all projective limits of 
connected Lie groups. This deep result extends the realm of Lie theory to all 
connected locally compact groups, thereby yielding a powerful machinery allowing 
for decomposition theorems and classification results. 

Since disconnected locally compact groups include all discrete groups, and hence 
all groups, it was believed for a long time that no meaningful structure theory 
could be developed beyond the connected or almost connected case. In fact, in 
the most extreme situation when the connected component of each element is a 
singleton — the group is then called totally disconnected — , for a long time the 
main known result was van Dantzig's theorem, which asserts that compact open 
subgroups exist and form a basis of identity neighbourhoods. While a rather rich 
and deep theory was developed for some special classes of t.d.l.c. groups (profinite 
groups, reductive groups over local fields, p-adic analytic groups, . . . ), the most 
general case remained notoriously intractable. 



The situation changed in the mid 1990's, when G.Willis [13] opened a new per- 
spective in the study of t.d.l.c. groups by introducing the scale function, which 
measures the translation length of elements acting by conjugation on the set of 
compact open subgroups, endowed with a suitable metric. Results obtained in that 
direction show a strikingly high level of generality; they provide detailed informa- 
tion on individual elements of a t.d.l.c. group G, and on some subgroups that 
are naturally associated to them (tidy subgroups, contraction groups, parabolic 
subgroups, etc.). 



A complementary approach was initiated by Barnea-Ershov-Weigel [T], based on 
the following observation. Since any two compact open subgroups of a t.d.l.c. 
group are commensurate, any such group admits a natural homomorphism to the 
group of abstract commensurators of its compact open subgroups. By definition, 
this group of abstract commensurators can be recovered from any compact open 
subgroup, and is thus a purely local object, depending only on arbitrarily small 
identity neighbourhoods of the ambient t.d.l.c. group. This point of view thus 
pertains to a local approach of t.d.l.c. groups. Note however that there are 
only very few profinite groups whose group of abstract commensurators has been 
explicitly computed. 



1.2 Locally normal subgroups and their centralisers 

The central concept in the present work is that of a locally normal subgroup of 
a t.d.l.c. group, that is, a compact subgroup whose normaliser is open. A major 
part of [T] focuses on t.d.l.c. groups in which every open compact subgroup is 
(hereditarily) just infinite; this corresponds exactly to the condition that every 
non-trivial locally normal subgroup is open. As soon as we move away from this 
case, the arrangement of locally normal subgroups becomes more complex. 

The intersection of two locally normal subgroups is locally normal. Moreover, if 
H and K are locally normal subgroups of G, then they admit closed subgroups of 
finite index H' < H and K' < K which normalise each other, and such that the 
product H' ■ K', which is a compact subgroup, is locally normal. It is thus natural 
to consider the collection of all locally normal subgroups modulo the equivalence 
relation given by commensuration: two subgroups H and K are commensurate 
if their intersection H (1 K has finite index in both H and K. In this way, the 
collection of all equivalence classes of locally normal subgroups of G, which is 
denoted by CJVIG), endowed with the partial ordering induced by the inclusion 
of subgroups, is easily seen to form a modular lattice. We call it the structure 
lattice of G. There are two elements that we regard as trivial (assuming G is 
non-discrete): the minimal element, denoted 0, which is the class of the trivial 
subgroup, and the maximal element, denoted oo, which is the class of compact 
open subgroups. A non-trivial subset of CN'{G) is one that contains elements 
other than and oo. 

We emphasise that the structure lattice is a local invariant of an arbitrary t.d.l.c. 
group G, since it is determined by any open compact subgroup, which admits a 
natural action of the whole of G, or indeed any by conjugation. A central idea 
in this work is that, although it is very difficult to determine explicitly what the 



structure lattice of a particular t.d.l.c. group G, the action of G on CN{G) may 
nevertheless be studied and provides an important tool in elucidating the overall 
structure of G. Moreover, under the right conditions we obtain two natural G- 
invariant subsets of CN'{G) that are Boolean algebras when equipped with the 
induced order; whenever non-trivial, those constitute valuable additional tools. 
The first is the local decomposition lattice CD{G), which consists of all direct 
factors of open compact subgroups of G up to equivalence. The second is the 
centraliser lattice CC{G): an element of CC{G) is given by the equivalence class 
of Cif{K) for some open compact subgroup U oi G and closed normal subgroup 
K oiU. 

Following Burger-Mozes [3], we define the quasi-centre QZ(G') of a locally com- 
pact group G to be the collection of all elements whose centraliser is open (see 
Lemma [3.21 below for its basic properties). 

Theorem I. Let G be a t.d.l.c. group. 

(i) (See Theorem 14. 5j ) Suppose that G has trivial quasi-centre. Then CV{G) is 
a Boolean algebra. 

(a) (See Theorem 15. 2j ) Suppose in addition that G has no non-trivial abelian 
locally normal subgroups. Then CC{G) is a Boolean algebra and CV{G) is a 
subalgebra of CC{G) . 

This opens up a new perspective: using the Stone representation theorem, a group 
action on a Boolean algebra A can equivalently be regarded as a group action by 
homeomorphisms on a topological space &{A) that is profinite, in other words, 
compact and totally disconnected. In order to describe the properties of the G- 
action on the Stone space of its centraliser or local decomposition lattice, we need 
to introduce the following definition. Let G be a locally compact group and ^ be 
a profinite space on which G acts faithfully by homeomorphisms. The G-action is 
called weakly branch if for every non-empty clopen subset a C X, the stabiliser 
of a in G is open, and the pointwise stabiliser of a is non-trivial. 

Theorem II (See Theorem 15. lip . Let G be a t.d.l.c. group. Suppose QZ(G) = 1 
and that G has no non-trivial abelian locally normal subgroup. 

(i) Suppose G acts faithfully on CC{G). Then the induced action of G on 
&{CC{G)) is a faithful weakly branch action. 

(a) Suppose X is a profinite space with a faithful weakly branch action ofG. Then 
there exists a G-equivariant surjective map from &{CC{G)) to X. 



In particular, if G acts faithfully on CC{G), then the G-space &{CC{G)) is the 
unique maximal compact G-space endowed with a faithful weakly branch action. 



1.3 Radical theory 

The hypotheses of Theorem [T] can be motivated by the fact that they are satisfied 
by all compactly generated, topologically simple t.d.l.c. groups: for (i) this is 
Theorem 4.8 of P, and for (ii) this will be proved in Theorem A]. Moreover, 
we will show in the present article that an arbitrary t.d.l.c. group always has a 
canonical maximal quotient which satisfies the hypotheses of Theorem |T|i) or (ii). 
This will be obtained by developing a suitable 'radical theory'. 

Theorem III. Let G he a t.d.l.c. group. 

Then G admits closed characteristic subgroups QZ°°(G) < R[a](G') < G enjoying 
the following properties: 

(i) (See Theorem 16. 2p QZ°°(G) is the unique smallest closed normal subgroup N 
of G such that G/N has trivial quasi-centre. 

(ii) (See Theorem 16.101) R[a](G') is the unique smallest closed normal subgroup 
M of G such that G/M has trivial quasi-centre and no non-trivial abelian 
locally normal subgroup. 

Both QZ°^(G) and R[a](G') are well-behaved with respect to open subgroups, in 
the sense that QZ°°(i/) = QZ°°(G) n H and R[a](^) = R[A](G) n H for any open 
subgroup H oi G (see Propositions 16.31 and 16.141) . Thus if the canonical quotients 
provided by Theorem IIIII turn out to be trivial, we have some additional local 
information about the structure of G and can investigate the group by alternative 
means. For instance it is easily seen that if R[a](G) = G, then the open compact 
subgroups of G are Fitting-regular in the sense of 



1.4 Group topologies 

We now specialise to the case of first-countable t.d.l.c. groups. In this situation 
we obtain some results on the relationship between the commensurated compact 
subgroups and the locally normal subgroups; amongst other things it is shown 
(Lemma 17.41) that a closed subgroup i^ of a first-countable profinite group U is 
commensurated by U if and only if U normalises an open subgroup of K. In 
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particular, in an arbitrary t.d.l.c. group G, any compact commensurated subgroup 
is commensurate with a locally normal subbgroup, whose commensurability class 
is thus a G-fixed point in the structure lattice CM{G). As a consequence, the 
commensurated locally normal subgroups have an interpretation in terms of group 
topologies. 

Theorem IV (See § 17. ip . Let G be a first- countable t.d.l.c. group. Then there is 
a natural bijection between the elements of CJ^{G) that are fixed by the action of 
G, and refinements of the topology of G that are locally compact and compatible 
with the group structure. 

In the case that G satisfies one of the hypotheses of Theorem [I] and additionally 
acts faithfully on the associated Boolean algebra, we obtain a topological rigidity 
result (of a similar kind to results for semisimple Lie groups over real and p-adic 
fields given in [10] and [T2]). 

Theorem V (See Theorem 17. 5p . Let G be a second-countable t.d.l.c. group with 
trivial quasi-centre. Make one of the following hypotheses: 

(a) G acts faithfully on CV{G). 

(b) G has no non-trivial abelian locally normal subgroups and G acts faithfully on 
CC{G). 

Then the topology of G is the coarsest group topology on G that forms a Baire 
space. In particular, it is preserved by every automorphism of G as an abstract 
group. 

Consequently, the topology of G is the unique a-compact locally compact group 
topology on G, and the set of all locally compact group topologies of G is in natural 
bijection with the set of fixed points of G acting on CN{G) by conjugation. 



2 Locally normal subgroups 

2.1 Definition and first properties 

Let G be a t.d.l.c. group. Write B{G) for the set of open compact subgroups of G; 
note that by van Dantzig's theorem, B{G) is a base of identity neighbourhoods, 
and by elementary topology, any two elements of B{G) are commensurate. 



A locally normal subgroup of G is a compact subgroup H such that Ng{H) is 
open. Equivalently, a subgroup of G is locally normal if and only if it is compact 
and normalised by some compact open subgroup. The most elementary proper- 
ties of locally normal subgroups collected in the following will frequently be used 
without comment. 

Lemma 2.1. Let G be a t.d.l.c. group and K,L be subgroups of G. 

(i) If K and L are locally normal, so is K (1 L. 

(a) If K is locally normal, so is every open subgroup of K. 

(Hi) If K is locally normal, so is Cu{K) for any U G B{G). 

(iv) If K is locally normal, then there is some U G B{G) containing K as a 
normal subgroup. 

Proof, (i) is clear since K r\ L is normalised by ^g{K) fl Ng(L). 

(ii) An open subgroup of K may written as K r\U for some U G B{G). Part (ii) 
follows from (i) since any element of B{G) is locally normal. 

(iii) Let U G B{G). If K is locally normal, then Nu{K) = f/ n Ng{K) is open. 
Since Nui^K) normahses Cu{K), it follows that NG'(C[/(-ft')) is open. Since Cu{K) 
is clearly compact, it is thus locally normal, as claimed. 

(iv) If K is locally normal, then it is normalised by some V G B{G). The group U = 
KV is then a compact open subgroup of G containing if as a normal subgroup. D 

Notice that the converse to Lemma [2.1( ii) does not hold in general: namely, the 
fact that K is compact and contains a locally normal subgroup as an open sub- 
group does generally not imply that K itself is locally normal, since otherwise all 
finite subgroups of G would be locally normal, hence contained in the quasi-centre 
QZ(G). 

2.2 Local equivalence and the structure lattice 

Let G be a t.d.l.c. group and H < G he a, subgroup. Write [H] for the class of all 
subgroups K oi G such that K nU = H nU ioT some U G B{G). Say H and K 
are locally equivalent if [H] = [K]. There is a natural partial ordering on local 
equivalence classes, given by [H] > [K] ii H n K n U = K nU ioi some U G B{G). 



Note that two compact subgroups of G are locally equivalent if and only if they 
are commensurate. 

A subgroup H in G is locally equivalent to the trivial subgroup if and only if H 
is discrete. We shall later be interested in subgroups H such that H H U = 1 
for all U G B{G). Since every compact (and hence every finite) subgroup of G is 
contained in some open compact subgroup, the latter property holds if and only 
if H is discrete and torsion- free. 

Let CN{G) be the set of local equivalence classes of subgroups of G that have 
locally normal representatives. Unless otherwise stated, when choosing a repre- 
sentative of a G CM{G), we only take representatives that are locally normal. 
Given a,/3 G CM{G), let U be an open compact subgroup of G such that there 
exist H & a and K & P such that H,K <U. Define A and V as follows: 

aAP=[Hr]K]; a V /3 = [HK]. 

Note that a A/3 and aV/3 do not depend on the choice of H, K or U\ it is also clear 
that a A /3 and a V /3 are respectively the greatest lower bound and least upper 
bound of a and /3. Thus the operations A and V endow CM{G) the structure of a 
lattice, which we call the structure lattice of G. 

Example 2.2. Let T be a regular tree of finite degree d, with (i > 3, and let 
G = Aut(T). Then G is a t.d.l.c. group, with topology generated by the pointwise 
stabilisers of finite subtrees of T. Let F be a finite subtree of T, let U be the 
pointwise stabiliser of F, and let Ti, . . . , T„ be the connected components of T — F. 
Then U decomposes as a direct product 

U = KixK2X---xKn 

where Ki is the pointwise stabiliser in G of all vertices outside Tj. Evidently Ki 
is compact and normal in U, so it is locally normal in G, and since each tree Tj is 
infinite and G induces an infinite group of automorphisms on it, each group Ki is 
infinite. Thus the given decomposition of U provides 2" distinct elements of the 
structure lattice of G. By varying the finite tree F, we see that CN'{G) is infinite 
in this case. 

Example 2.3. Let G = Qp for n > 2. Then the locally normal subgroups of 
G are just the compact subgroups, since G is abelian. These are all of the form 
Z^ for < m < n. It is easily seen that two compact subgroups of G are 
commensurate if and only if they span the same subspace of G regarded as a 
Qp-vector space, and conversely every Qp-subspace of G is spanned by a compact 
subgroup. Consequently, the structure lattice of G is naturally isomorphic to the 
lattice of Qp-subspaces of G. In particular, CN'{G) is uncountable. 
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Example 2.4. At the other extreme, let G be any t.d.l.c. group with a hereditarily 
just infinite open subgroup U , for instance G = Qp or G = PSL„(Qp). Then given 
a locally normal subgroup K, the intersection i^ fit/ is normal in an open subgroup 
of U , and hence K is either finite or open. Hence CAf{G) = {0, oo}. 

We see that the lattice structure is preserved by the topological automorphism 
group Aut(G) of G; in particular, G acts on CMiG) by conjugation. If G is not 
discrete, there are two 'trivial' elements of CAf{G), namely the class of the trivial 
group, which we will denote 0, and the class of the open compact subgroups, which 
we will denote oo. More generally the symbols and oo will be used to denote 
the minimum and maximum elements respectively of a bounded lattice. When 
discussing subsets of £A/'(G), we will regard a subset as non-trivial if it contains 
an element other than and oo. 



The use of the term structure lattice is borrowed from J. Wilson ([IS]), who used 
similar ideas in the context of just infinite groups. In a subsequent paper, we will 
discuss groups that are locally just infinite, incorporating the key results from [16] 
into the theory being developed in the present paper. 

The structure lattice is a purely 'local' invariant of a t.d.l.c. group, that is, it 
is completely determined by any open compact subgroup. It is also built out of 
lattices of normal subgroups of open compact subgroups in a natural sense. 

Lemma 2.5. Let G be a t.d.l.c. group. 

(i) Let X he a finite subset of CMiG), and let C be the sublattice generated by X . 
Then there is an open compact subgroup U and a choice of representatives Y 
for the elements of X, so that every element of Y is a normal subgroup ofU, 
and L is isomorphic to the lattice of subgroups of U generated by Y modulo 
commensuration. 

(a) Let I be a lattice identity that is satisfied by the normal subgroup lattice of U 
(modulo commensuration) , for every open compact subgroup U of G. Then 
I is satisfied by CAf{G) . In particular, CN{G) is a modular lattice. 

Proof, (i) Let X = {[Ki], . . . ,[Kn]}, let U be an open compact subgroup of 
f]NG{Ki), and let Li = U n Ki ior i e {l,...,n}. Then Y = {Li,...,L„} 
consists of normal subgroups of U, and the meet and join operations in C can 
evidently be given by [Ki] A [Kj] = [Li fl Lj] and [Ki] V [Kj] = [LiLj] = [{Li, Lj)]. 
Thus the map L i— )■ [L] gives a surjective map from the lattice generated by Y 
to C, and two subgroups have the same image if and only if they have an open 
subgroup in common. 
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(ii) This is immediate from (i), recalling that the lattice of normal subgroups in 
any group is modular (see [71 Theorem 8.3]). D 



3 Quasi-centralisers and their stability proper- 
ties 

As mentioned in the introduction, the centraliser lattice of a t.d.l.c. group G con- 
sists of the local equivalence classes of subgroups of the form Cjj{K), where U 
is a compact open subgroup of G and K a closed normal subgroup of U . The 
main goal of this section is to establish conditions ensuring that the equivalence 
class [C(7(J'i")] depends only on [K], but neither on the choice of the open compact 
subgroup U nor on the locally normal representative K of [K]. This can be inter- 
preted as a stability property of the centralisers. The key result in this direction 
is the following. 

Proposition 3.1. Let G he a t.d.l.c. group. Assume that QZ{G) = 1 and that the 
only abelian locally normal subgroup of G is the identity subgroup. Then, for every 
locally normal subgroup K of G and all open compact subgroups U,V & ^{G), we 
have 

CuiKnu) = CuiKr]V). 

In particular [Cu{K fl U)] depends only on [K]. 

The proof of Proposition 13.11 requires a number of technical preparations and will 
only be given at the end of this chapter. 



3.1 The quasi-centre 

Let G be a locally compact group. The quasi-centre of G is defined as the 
following of all elements whose centraliser is open. This notion is due to Burger- 
Mozes [3]; its basic properties are described by the following. 

Lemma 3.2. Let G be a locally compact group. Then: 

(i) QZ(G) is a (not necessarily closed) characteristic subgroup of G. 

(ii) QZ(0) < QZ(G') for any open subgroup O < G. 

(Hi) For any closed normal subgroup N of G, the image of QZ(G*) under the 
projection to G/N is contained in QZ{G/N). 
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(iv) QZ(G) contains every discrete subgroup of G whose normaliser in G is open. 
In particular, all discrete normal subgroups and all finite locally normal sub- 
groups are contained in QZ(G'). 

Proof, (i) For all g,h E G, we have Ccigh) > Ccig) H Ccih). This implies that 
gh G QZ(G) as soon as g,h E QZ(G'). Part (i) follows. 

(ii) Let O < G be open. Since Ccig) > Co(fi') for any g E G, so that Ccig) is 
open as soon as Co{g) is so. Part (ii) follows. 

(iii) Clear since the projection G — t- G/N is an open map. 

(iv) Let H he a. discrete subgroup of G such that Ng{H) is open. Then O = 
HNg{H) is open in G, and contains if as a discrete normal subgroup. Therefore, 
the 0-conjugacy class of every element of H is discrete in O, which implies that the 
centraliser in O of every element of if is open. Thus we have H < QZ(0) < QZ{G) 
by (ii). D 



3.2 Quasi-centralisers 



The first step towards Proposition 13.11 is to define a notion of centralisers of a 
subgroup that depends only on its local equivalence class. 

Definition 3.3. Let G be a t.d.l.c. group and let H and K be subgroups of G. 
The quasi-centraliser of if in if is given by 

qCH{K):= [j CniKnu). 

Clearly the quasi-centraliser QlCu{K) contains the centraliser Ch{K). Moreover, 
the quasi-centraliser is a subgroup of G, since Ch{K n U)Ch{K fl V) C Ch{K n 
U OV). Similarly we have Q,Cfj{K) = Q,Cfj{K f] U) for any open subgroup t/, 
so that QCji^(if) depends only on the local equivalence class a = [K] and we 
can write QCfj{a) without ambiguity. We emphasize that the quasi-centraliser of 
a subgroup need not be closed, and some caution is required in saying that two 
subgroups 'quasi-commute', as the relation 'A is contained in the quasi-centraliser 
of B' is not symmetric in general. Notice that the quasi-centre QZ(ii) of H is just 

The following observation is borrowed from P, Prop. 2.6]. 
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Lemma 3.4. Let G be a group, let U and V he subgroups of G, and letW < Ur\V . 
Suppose 6 : U ^ V is an (abstract) isomorphism such that 6{x) = x for all x G W , 
and suppose also that CciWng'^W g) = 1 for all g G U. Then U = V and 9 = idu- 

Proof Let g eU and let x G W^ fl g~^Wg. Then 

gxg~' = e{gxg~') = e{g)e{x)e{g~^) = e{g)x9{g-'), 
so g~^6{g) centralises x. This shows that g~^9{g) G CciW r]g~^Wg) = 1. Thus 

9 = oig). n 

The following is elementary, and will be used frequently without comment. 
Lemma 3.5. Let G be a group and let H be a subgroup of G. Then 
Cg{Cg{H))>H and Cg{Cg{Cg{H))) = Cg{H). D 
Lemma 3.6. Let G be a t.d.l.c. group and H be a subgroup of G. 

(i) IfQZ{H) = 1, then QCG{H)nNG{H) = Cg{H). 

(a) Suppose Ng{H) is open and QZ{H) is discrete and torsion-free. Then H fl 
QCq{H) is discrete and torsion-free. In particular, QCq{H) is not dense in 
G unless H is discrete and torsion-free. 

(Hi) If Ng{H) is open and QZ(iJ) is discrete and torsion-free, then QCg{H) is 
locally equivalent to Cg{H H U) for any open subgroup U. In particular we 
have QCaiQCaiH)) = QCa{CG{H n U)) = qCa{Cu{H n U)). 

Proof, (i) Let x G QCg{II) (^^g{H). Then by conjugation x induces an automor- 
phism of H that fixes H (1 U pointwise for some open compact subgroup U of G; 
this automorphism is trivial by Lemma |3.4[ so in fact x G Cg(-?^)- The reverse 
inclusion is clear. 

(ii) Let U be any open compact subgroup of G. Then Ng{H fl U) is open since 
it contains Ng{II) fl U. Moreover Q,Z{H (lU) = 1 since QZ{H) is discrete and 
torsion- free, and we have QCq{H) = QCq{H fl U). Therefore, it follows from 
part (i) that QCq{H) = QCq^HHU) has empty intersection with the open subset 
Ng{H n U)\Cg{H n U) of G. This property is t hus inheri ted by QC^^. Hence 
HnUn QCciH) <Z{HnU) = l. Thus H n QC g{H) intersects trivially any 
open compact subgroup of G, and is thus a discrete and torsion-free subgroup, as 
claimed. 
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(iii) Let U be any open compact subgroup of G. Then V = UnNciH) is compact 
and open. We have Q,Cq{H) = QCq^HHU). Since HnU has trivial quasi-centre, 
part (i) imphes that 

QCaiH nu)r\V < QCg{h nu)r\ Ng{h r\U) = Cg{h n u). 

Since Cg{.H\~\U) < QCQ{HnU) by the definition of the quasi-centrahser, we infer 
that QCciH nU)nV = CGiHnU)nV. Thus [QCciH n U)] = [Gg{H n f/)], as 
desired. D 

Lemma 3.7. Let G he a t.d.l.c. group and let H and K he suhgroups of G such 
that QZ{H) = 1 and such that \H D K\, \H : Nh{K)\ and \K : NxiH)] are all 
finite. Then H centralises an open suhgroup of K . 

Proof. Given an open compact subgroup U of G, the intersection U P\ H r\ K is 
finite, N;7n_H'(-ft') has finite index in [/flif , and l>iur\K{H) has finite index in UflK. 
By replacing U with an open subgroup, we may ensure that U (1 H Cl K = 1, 
U n H < NniK) and U n K < Nk{H). We see that U D H and U D K normalise 
each other and have trivial intersection, so [U (1 H,U (1 K] = 1; in particular 
UnK < QCaiH). Moreover, UnK normalises H, so in fact U n K < Cg{H) by 
Lemma [3. 6n ). D 



3.3 C-stability 

Definition 3.8. Let G be a t.d.l.c. group and let if be a closed subgroup of G. 
Say H is C-stable in G if Q,Cq{H) fl Q,Cq{Cg{H)) is discrete and torsion-free. 

We shall mostly be interested in the case that H is compact. The following shows 
that, in that case, C-stability could have equivalently been defined to mean that 
Q,CGiHCG{H)) is discrete and torsion- free. 

Lemma 3.9. Let G he a t.d.l.c. group and let H he a compact suhgroup of G. 
Then 

QCaiH) n QCaiCGiH)) = QCaiHCGiH)). 

Proof. Notice first that HCg{H) is a closed subgroup of G since H is compact. Let 
X G QCaiHCaiH)), so x centralises an open subgroup of HCg{H). Then clearly 
X centralises an open subgroup of every subgroup of HCg{H), so in particular 
X e QCaiH) and x E QCa{Ca{H)). 
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Conversely, let x G Q,Gq{H) \^(^Cq{Cg{H)). Let U be an open compact subgroup 
of G that contains H. Then there is an open subgroup K of H such that x G 
Cg[K), and also an open subgroup V oi U such that x G Cg{Gv{H)). So x 
centrahses the compact group KCy{H). Now KCv{H) is open in HCu{H), since 
it is closed and the index \HCu{H) : KCv{H)\ is finite, and in turn HCu{H) is 
open in HCg{H) since HCu{H) = {HCg{H)) H f/. Hence x centralises an open 
subgroup of HCg{H) as required. D 

The next lemma records the most basic properties of C-stable subgroups. 
Lemma 3.10. Let G be a t.d.l.c. group and H he a C-stable subgroup. 

(i) H nU is C-stable for any open subgroup U of G. 
(ii) QZ(if) is discrete and torsion- free. 
(Hi) If H is discrete, then it is torsion-free. 

Proof, (i) Any open subgroup U oi G is closed, so that if fl f/ is closed. Morever 
we have QCg{H nU) = QCg{H) and Cg{H nU) > Cg{H), so that QCg{Cg{H f] 
U)) < QCg{Cg{H)). Therefore 

qCg{h nu)n QCg{Cg{h n u)) < QCg{h) n qCg{Cg{h)) 

and so QCg{H fl f/) fl QCg{Cg{H fl U)) is indeed discrete and torsion-free. 

(ii) We have QZ{H) = QCh{H) < QCdH). Moreover, any g G QZ{H) < H 
commutes with Cg{H), so that QZ{H) < CG{CGiH)) < QCGiCGiH)). Therefore 
QZ{H) < QCg{G) n QGGiCG{H)), and part (ii) follows. 

(iii) If H is discrete, then QZ(iJ) = H, so (iii) follows from (ii). D 

For each integer n > 0, we define inductively 

C'^^+'iK) = Ch{CI{K)) and QC^+^(a) = QC^(QC^(a)), 

where H and K are subgroups of G and a is either a subgroup, or a local 
equivalence class of subgroups. For convenience we also adopt the convention 
CUK) = K = QCUK). 

Lemma 3.11. Let G be a t.d.l.c. group and let H be a C-stable subgroup of G 
such that NG(ii) is open. Let n >0. 
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(i) For all open subgroups L of G, then C^{H) is C-stable in G and QZ{C'1{H)) 
is discrete and torsion-free. 

(a) We have QCf;(QC^(iJ)) = C^f^^^H fl U) for all open compact subgroups U 
ofG. In particular QCu{H) = Cu{HnU). 

Proof, (i) We proceed by induction on n. For n = 0, the fact that QZ(if) is 
discrete and torsion- free follows from Lemma [STTOt^ii). 

We now let n > and assume that H' = C^^[H) is C-stable, that its quasi-centre 
is discrete and torsion-free, and that its normaliser is open. Let K = C^{H) = 
Cl{H') and note that it is a closed subgroup of G. On the one hand iJ'flL is locally 
equivalent to H' and contained in Cg{Gl{H')), so QCg.(Cg(A')) < QCa{H'); on 
the other hand we also have Q,Cq{K) = QCq{Cg{H'))- Hence 

QCaiK) n QCaiCciK)) < QC^(if') n QCaiCciH')), 

so K = Cl{H') is C-stable in G. In particular QZ{Cl{H')) is discrete and torsion- 
free by Lemma [3.10( ii). Since L and Ng{H') are both open, so is Nl{H'). The 
latter normalises Cl{H'), which shows that Ng{Cl{H')) is open. This completes 
the proof of the induction step. 

(ii) Let U be an open compact subgroup of G. Without loss of generality H < U, 
since neither side of the desired equation is affected by replacing H with H nU, 
which is itself C-stable by Lemma [3.1 0^ 1). Thus H is compact, and QZ{H) = 1 
by Lemma [3.10( 11). 

Let us deal first with the case n = 0: we must show that ClC^{H) commutes with 
H. To this end, consider x G ClC^{H), so x G Cu{K) ioi K = H nV, where V 
is an open compact subgroup of G. Since K is an open subgroup of the compact 
group H, it has finitely many if-conjugates. Therefore, by replacing K with its 
core in H, we may assume K is normal in H. Notice moreover that K is locally 
equivalent to H, ensuring that K is C-stable by Lemma 13.101 (1). 

Now Cu{K) centralises an open subgroup of H so that Cu{K) H H = 1 since 
QZ(iJ) = 1. Also, H normalises Cu{K) since H < U and since H normalises K. 
Furthermore H is locally normal, so that Nu{H) has finite index in U and hence 
^Cu{K){H) has finite index in Cu{K). Therefore we may invoke Lemma \377\ which 
ensures that H centralises an open subgroup of Cu{K). 

Since K is an open subgroup H, it follows that K and Cu{K) are both locally 
normal by Lemma 12.11 Now part (i) implies that QZ{Cu{K)) = 1. Moreover 
H normalises Cu{K) since H is contained in U and K is normal in H. Hence 
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H centralises Cu{K) by Lemma l3.6l (i). and in particular H centralises x. This 
concludes the proof for n = 0. 

For the general case, note first that C^{H) is locally normal and C-stable by part 
(i). Therefore, by repeated application of Lemma [3.6^ 111) we have the equation 

qCl^\H) = QCu{QC[,{H)) = QC^(C^(i7)). 

The desired conclusion follows, since by the base case n = 0, we have 

QCuiCUH)) = CuiC^uiH))- □ 

We are now able to define a partial map [a] i— )■ [QCc'(a)] on the structure lattice. 

Corollary 3.12. Let G be a t.d.l.c. group and K he a locally normal C-stable 
subgroup. Then, for all open compact subgroups U,V ^ ^{G), we have 

Cu{Knu) = Cu{Knv). 

In particular we have [Cu{K (lU)] = [Q,Cq{K)], so that the local equivalence class 
[Cu{K n U)] depends only on [K]. 

Proof. Follows from part (ii) of Lemma 13. Ill D 

3.4 Local C-stability 

Corollary 13. 121 motivates the following. 

Definition 3.13. A t.d.l.c. group G is called locally C-stable if QZ(G) = 1 and 
all locally normal subgroups of G are C-stable in G. 

Our next goal is to establish the following characterisation of locally C-stable 
groups. 

Proposition 3.14. Let G be a t.d.l.c. group. Then G is locally C-stable if and 
only z/QZ(G) = 1 and the only abelian locally normal subgroup ofG is the identity 
subgroup. 

Moreover, if those equivalent conditions are satisfied, then every locally normal 
subgroup of G has trivial quasi-centre. 

The proof requires the following variation on Lemma [3^ giving a condition under 
which a locally normal subgroup has trivial centraliser in G. 
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Lemma 3.15. Let G be a t.d.l.c. group such that QZ(G) = 1 and let L be a locally 
normal subgroup of G such that Cu{L) = 1 for some open subgroup U of G. Then: 

(i) Cg{L) = 1. 

(a) Let H and K be open subgroups of G containing L. Suppose 9 : H ^ K is 
an isomorphism of topological groups such that 6{x) = x for all x E L. Then 
H = K and 9 = id//. 

Proof. We start with (ii). We may assume U < Ng{L), and choose an open 
compact subgroup W contained in H such that W9{W) is contained in U. Let 
g E W and let x E L. Then 

gxg-' = 9{gxg~') = 9{g)9{x)9{g-') = 9{g)x9{g-'), 

so g~^9{g) centrahses x. This shows that g~^9{g) G Cu{L) = 1. Thus g = 9{g), 
that is, 9 fixes W pointwise. 

We may now apply Lemma [S3l since CdWOg'^Wg) < QZ(G') = 1 for all g e G. 
Thus H = K and 9 = id//. Part (ii) follows. 

By applying (ii) to the automorphisms of G induced by conjugation by elements 
of CciL), we infer that Cg{L) < Z(G) = 1, thereby confirming (i). D 



Proof of Proposition 3. 14' Suppose that QZ(G) = 1 and that G has no non-trivial 



abelian locally normal subgroup. 

We first claim that every locally normal subgroup has trivial quasi-centre. Indeed, 
let L be a locally normal subgroup and U be an open compact subgroup of G 
containing L as a normal subgroup (see Lemma [2rTT iv) ) . Let g G QZ(L). Then we 
have g E L n C//(M) for some open subgroup M of L. By Lemma [2.11 the group 
L n Cf/(M) is locally normal in G. Since QZ(G) = 1, it follows that L fl C[/(M) is 
either trivial or infinite. In the latter case, it must intersect M non-trivially since 
M is of finite index in L. This would imply that M fl C{/(M) is non-trivial. This 
contradicts the hypothesis since M r\Cu{M) = Z(M) is an abelian locally normal 
subgroup of G. Therefore we deduce that Lfl Cu{M) is trivial, which implies that 
g is trivial. Hence QZ(L) = 1 as claimed. 

We next claim that for any locally normal subgroup L, we have QCq{LCg{L)) = 1. 
This implies that L is C-stable in view of Lemma | 



Let [/ be a compact open subgroup of G containing L as a normal subgroup (see 
Lemma O^iv)). We have QCg(LCg(L)) = QCg(LCg(L) nU) = QCg{LCu{L)) 
since L < U. Thus it suffices to show that QCq{K) = 1, where K = LCjj{L). 
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Notice that K is normalised by U , so that K is locally normal. Given any V G B{G) 
contained in U , we have 

Gv{K) < CviL)r)Cv{Cu{L)) 

= CuiL)nvnCv{Cu{L)) 

= CuiL)nCviCuiL)). 

The latter is clearly abelian, and it is a locally normal subgroup by Lemma [TTl It 
must thus be trivial by hypothesis. Hence Cv{K) = 1, and therefore Cg{K) = 1 
by Lemma 13.151 On the other hand QZ{K) = 1 by the first part of the proof 
above. Therefore, by Lemma I3.6( i) we have QCq{K) fl NdK) = Cg{K) = 1. 
Since Ng{K) is open, it follows that QCq{K) is discrete. Since moreover Ng{K) 
normalises Q,Cq{K), we infer that Q,Cq{K) is a discrete subgroup whose normaliser 
is open. Lemma [3l2r iv) therefore yields CICq{K) < QZ(G') = 1, as desired. 

Conversely, suppose that QZ(G') = 1 and that G has a non-trivial abelian locally 
normal subgroup L. Then L is infinite, in particular non-discrete, and moreover 
L < QCg{L) n QCg(Cg(L)), so L is not C-stable. D 

Finally, we can now complete the proof of the criterion announced at the beginning 
of the chapter. 

Proof of Proposition \3.1[ In view of Proposition 13 . 14[ the hypotheses imply that G 
is locally C-stable. Therefore, the desired conclusions follow from Corollary 13.121 

D 



4 Direct decomposition of locally normal sub- 
groups 

4.1 Local decomposition lattices 

Lemma 4.1. Let G be a t.d.l.c. group and let H he a C-stable locally normal 
subgroup of G. Let K be an abstract direct factor of H . Then K is C-stable in G. 
Moreover Ch{K) is the unique direct complement of K in H and K = C'jj{K), so 
in particular K is a compact subgroup of G. 

Proof Let H = K X L. Then Z(A') < QZ(if) = 1, so C^(J'S:) = L and similarly 
Ch{,L) = K. In particular, K is closed and hence compact. In addition KCu{K) 
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contains H and also contains Cu{H), so QCQ^KCciK)) is discrete and torsion- 
free. Hence K is C-stable in G by Lemma [3.91 D 

Lemma 4.2. Let G be a group such that Z{G) = 1, let K be a direct factor of G, 
and let H be a subgroup ofG such that H = Gq{H). Then H = {HnK)x Ch{K). 

Proof. We have G = K x Cg{K)] let tti and 112 be the projections onto K and 
Cg{K) respectively associated with this decomposition. Then H < 7ri(iJ) xit2{H). 
Moreover i^i{H) and 7r2{H) are centralised by Cg{H), so contained in H. Thus 
H = TXi{H) X n2iH), which implies Tri{H) = H n K and tt2{H) = Ch{.K). U 

Definition 4.3. Given a topological group H and subgroup K., say K is an almost 
direct factor of H if there is a closed subgroup L oi H oi finite index such that 
i^ is a direct factor of L. Let G be a t.d.l.c. group and let if be a C-stable locally 
normal subgroup of G. Define the local decomposition lattice CD{G\ H) of 
G at if to be the subset of CM{G) consisting of elements [K] where K is locally 
normal in G and K is an almost direct factor of H . 

Lemma 4.4. Let G be a t.d.l.c. group, let H be a C-stable locally normal subgroup 
of G, and let K be an open subgroup of H . Then CV{G;H) = CD{G]K) as 
subsets ofCU{G). 

Proof. It is clear from the definition that CV{G;K) C CV{G; H). Conversely, 
suppose an open subgroup of H decomposes as Li x L2 with Li and L2 locally 
normal. Then (Li fl K) x [L2 fl K) is open in K with an equivalent decomposition 
and Li fl K and L2 fl iT remain locally normal, so [Li] and [L2] are contained in 
CV{G;K). n 

Consequently, it makes sense to write CV{G; a) where a is any element of CJ\f{G) 
that has a C-stable representative, and this lattice admits an action of G^ by 
conjugation. The case a = [G] is of particular interest, and we will define 
CV{G) := CV{G; [G]). 

As the name suggests, the local decomposition lattice is a sublattice of CJV^G), 
but more is true: 

Theorem 4.5. Let G be a t.d.l.c. group and let a G CM{G) have a C-stable 
representative. Then CV{G;a) is a sublattice of LM{G), and internally it is a 
Boolean algebra (relative to the maximum a), with complementation map ^-a '■ 

/3^[QCG(/3)]Aa. 

We will prove the following separately, as it will be reused later. 
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Lemma 4.6. Let M. he a meet-semilattice with a least element 0. Suppose ± : A^ i— ;■ 
M. is an order-reversing involution such that for all a, 13 & Ai, a A f3 = if and 
only if P < a^. Then M. is a Boolean algebra, with minimum and maximum 
0"*", complementation given by _L and join operation given by aV P = («-*" A Z?"*")^. 

Proof. Let 7 G A^. The existence of an order- reversing bijection ensures that M 
is a lattice, with maximum and join as given. For all a G A^ we have a\/ a^ = 
(a"*" A a)^ = 0^ and clearly a A a^ = 0, so a^ is a complement of a relative to 
the maximum element O"*". 

It remains to show that Ai is distributive. We first show 

a A/3 <7-<^a < /3-^ V7, (1) 

for all a, /3, 7 G Al. Using the properties of _L in the hypothesis, we have a A/3 < 7 
if and only if a A /3 A 7-*" = 0, while a < /3-'- V 7 if and only if 5 = where 
6 = a A (/3-^ V 7)^. Now 5 = a A /3 A 7^, so ([T]) is proved. 

Now let a, /3, 7, (5 G Al. By ([T]) we have 

(a V 5) A /3 < 7 <^ a V 5 < /3-^ V 7 -^^ (a < /3^ V 7 and 5 < /3-^ V 7). 

Using (d]) again we have ci;</3^V7-^aA/3<7 and 5</3^V7-<^5A/3<7. 
Finally, the conjunction of the inequalities a A /3 < 7 and 5 A /3 < 7 is given by 
the inequality (a A /3) V (5 A /3) < 7, proving the distributive law. D 

Proof of Theorem \4.5\ Fix a locally normal, C-stable representative H of a; in 
particular, QZ(if) = 1. 

Let K and L be almost direct factors of H such that K and L are locally normal 
in G. Then KCh{K) and LCh{L) are both open in H, and K fl Ch{K) = 
L n Ch{L) = 1. Without changing the commensurability class of K or its status 
as an almost direct factor of H, we may replace K with C'jj{K) and so assume 
K = CjjiK). Let M = LCh{L) and let K2 = KnM. Then K2 = Cm{Ch{K)). 
Since K is C-stable in H, in fact Ch{K) = Ch{K2) by Lemma 13.1 Ij in turn, 
C>h{K) has the same centraliser in H as Cm{K) for the same reason. So in fact 
K2 = C\j{K2). It follows by Lemma [4.21 that K2 (1 L is a. direct factor of K2. In 
turn, K2 is a direct factor of K2Ch{K), which is open in H. Thus K2 fl L is an 
almost direct factor of H. 

By a similar argument, there is an open subgroup R of Ch{K) that factorises as 
{Rn L) X C/j(L), so there is an open subgroup of H that factorises as 

K2x{RnL)x Cr{L). 
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The first two factors are contained in K2L, wliile tlie last factor centralises -ft'2-^; 
additionally K2L n Cr(L) < QZ(if) = 1. It follows that K2L is an almost direct 
factor of H. Finally, note that K2 and L are both locally normal, and this property 
is inherited by both their intersection and the closure of their product. We conclude 
that [K2 n L], [K2L\ e CV{G] a), so CD{G] a) is a sublattice of CU{G). 

By Lemma 1221 [Q,Cq{K)] A a has a representative Ch{K)] this also represents 
an element of CD{G]a), so ±q, preserves CD{G]a). One has [K] A /3 = for 
/3 e CV{G-a) whenever /3 < [J-sT]^, since QZ(i\:) = 1, and conversely [K] ^ P = Q 
implies by Lemma 13.71 that some representative of /3 centralises a representative 
of [K], so in this case /3 < [K\-^. It is also clear that _La is an order- reversing 
involution on CD{G; a). Thus CV{G; a) is a Boolean algebra by Lemma SSI D 

Proof of Theorem\^ (i). Since G has trivial quasi-centre, it follows that the quasi- 
centraliser QCg(f/) of any open compact subgroup of G is trivial. In particular, U 
is C-stable in G, so by Theorem l4.5[ CD{G\ \U]) = CV{G) is a Boolean algebra. D 

It is clear that the relation "A is a direct factor of B" is transitive. A similar 
transitivity applies to local decomposition lattices: 

Lemma 4.7. Let G be a t.d.l.c. group and let a,(3 E CJ\f{G) have C-stable repre- 
sentatives. Then CD{G] a) C CV{G; (3) if and only if a E CD{G] (3). 

Proof. Suppose a G CV{G;(3). Then there is a representative H oi a and a 
representative K oi P such that H is a. direct factor of K. It follows that all 
almost direct factors of H are also almost direct factors oi K. D 



4.2 Locally finitely decomposable t.d.l.c. groups 

The following are natural properties to consider in the context of local decompo- 
sition lattices: 

Definition 4.8. Let H he a group. Say H is finitely decomposable ii H = 

Hi X ■ ■ ■ X Hn for some n > 1, such that each Hi is indecomposable. Given a 
t.d.l.c. group G, say G is locally finitely decomposable if every open compact 
subgroup of G is finitely decomposable. 

Proposition 4.9. Let G be a compact group such that Z(G) = 1. Then exactly 
one of the following holds: 
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(i) G = Gi X ■ ■ ■ X Gn for some n > 1, such that each Gi is indecomposable. 
Moreover, {Gi, . . . , G„} is precisely the set of indecomposable direct factors 
of G; in particular, Aut(G) acts on {Gi, . . . ,Gn} and there are exactly 2" 
direct factors ofG. 

(a) G is topologically isomorphic to an infinite Cartesian product of closed sub- 
groups. In particular, G has uncountably many closed direct factors up to 
commensurability . 

Proof. For any direct factor H of G, then Cg{H) is the complement of H and thus 
also a direct factor, so H = Cg{Cg{H)). Suppose G = Gi x ■ ■ ■ x G„ for some 
n > 1, such that each Gj is indecomposable. Let K be an indecomposable direct 
factor of G. Then G = KCciK), and K f] CoiK) < Z(G) = 1. Since G does 
not centralise K, there is some i such that Gj does not centralise K. This implies 
K nGi > 1. Moreover, K n Gi is a. direct factor of both K and Gj, by Lemma W?2\ 
Hence K = Gi by the fact that K and Gj are indecomposable. 

Suppose G is not finitely decomposable. We define a family {Gjj}i<j<j of non- 
trivial subgroups as follows, so that for all n, G = G„^i x ■ ■ ■ x G„^„, and G„^„ is 
not finitely decomposable. 

Set Gi^i = G. Suppose we have G = Gn,i x ■ ■ ■ x Gn,n for some n. Choose 
some non-trivial direct decomposition Gn,n = H^ x Kn, ensuring that Kn is not 
finitely decomposable (this is always possible, as by induction G„^„, is not finitely 
decomposable). Now set Gn+i,n = Hn, Gn+i,n+i = Kn and Gn+ij = Gnj for 
1 < j < n. 

Let K = n^i ^jj- We claim now that 

oo 

G^Kxl[G,^,,. 

i=i 

The decomposition G = Gn,i x ■ ■ ■ x Gn+i,n+i gives a continuous epimorphism 
G — 7- YYj=i^n+i,j with kernel Gn+i,n+i, and we note from the construction that 
YYj=i^n+i,j = YYj=i^j+i,j- These epimorphisms are compatible with each other 
as n varies so that they generate an inverse system, with a limit homomorphism (j) : 
G — )■ n^i ^i+i.i- W^ see that ker (j) is precisely K. In addition ((){Cg{K)) contains 
0°liGj_|_ij, since Gj+ij centralises Gn+i,n+i for all 1 < j < n, so (J){Cg{K)) = 
Ut=iGj+i'j. In particular G = KCGiK): this implies K f] Cg{K) < Z(G) = 
1, so in fact G = K x Cg{K). The restriction of to Cg{K) is consequently 
bijective, giving the desired isomorphism. We now obtain uncountably many direct 
factors Gj = Yljej^j+^j ^Y letting J range over all subsets of N. For two such 
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direct factors IljeJi ^i+i.i ^^^ niGJ2 ^i+i.i ^° ^^ commensurate, the symmetric 
difference of the sets Ji and J2 must be finite. This defines an equivalence relation 
on the power set of N whose equivalence classes are countable, so there must be 
uncountably many equivalence classes. D 

Corollary 4.10. Let G be a t.d.l.c. group with QZ{G) = 1. 

(i) G is locally finitely decomposable if and only if G has a basis of identity 
neighbourhoods consisting of open compact subgroups that are finitely decom- 
posable. 

(a) Suppose G is first-countable. Then G is locally finitely decomposable if and 
only if CD{G) is countable. 

Proof, (i) The necessity of the condition is obvious. Conversely, if G is not lo- 
cally finitely decomposable, then G has some open compact subgroup V which 
is not finitely decomposable. Since G has trivial quasi-centre, the group V must 
be center-free, and is thus an infinite Cartesian product of closed subgroups by 
Proposition 14.91 Now, any open subgroup W oiV contains infinitely many direct 
factors of V:, those factors are then also direct factors of W , and hence W cannot 
be finitely decomposable. 

(ii) Suppose that G is locally finitely decomposable. Since CV{G) = CD{U) for 
any open compact subgroup f/, we may assume that G is compact. In this case 
G has only countably many open subgroups, each with only finitely many direct 
factors, and thus CD{G) is countable. 

Conversely, suppose CV{G) is countable. Then given an open compact subgroup 
U of G, the direct factors of U fall into countably many commensurability classes. 
Thus U is finitely decomposable by Proposition 14.91 D 

Proposition 4.11. Let G be a t.d.l.c. group and let H be a C-stable locally normal 
subgroup that is locally finitely decomposable. Then CV{G] H) = CV{H); indeed 
CV{G; H) contains CV{K) for every almost direct factor K of H. 

Proof. It is clear that CDiG:, H) C CD{H). Let L be an open compact subgroup 
of H ., and let i^ be a direct factor of L. Then Ng(L) is open in G by Lemma [2.11 
(ii), and it preserves the set X of indecomposable direct factors of L; since X is 
finite, there is an open subgroup R of Ng'(L) that normalises every indecomposable 
direct factor of L. In turn i^ is a product of indecomposable direct factors of L, 
so it is normalised by R. Hence K is locally normal, so represents an element 
of CV{G;H). Hence CV{G;H) = CV{H), and CV{H) contains CV{H;K) by 

24 



Lemma 14 .71 In turn, K is locally finitely decomposable, because given an open 
subgroup M of K, the direct factors of M are also direct factors of MGh{,K), 
which is an open subgroup of H. Hence CV{H; K) = CD{K). D 



5 The centraliser lattice and weakly branch ac- 
tions 

5.1 The centraliser lattice 

It would be useful to combine all the local decomposition lattices of G (which are 
not necessarily individually preserved by the action of G) into a single Boolean 
algebra admitting a G-action. There are two difficulties here: one is that C- 
stability may not be well-behaved under intersections, and the other is that we need 
a unified notion of complementation. To avoid the first difficulty and overcome 
the second, we restrict our attention to locally C-stable groups in the sense of §3.41 
Recall from Proposition 13. 141 that these are precisely the t.d.l.c. groups with trivial 
quasi-centre and no non-trivial abelian locally normal subgroups. The resulting 
lattice will not be a sublattice of CN{G) in general (because the join operation is 
different), but it arises from the structure lattice in a natural way. 

Definition 5.1. Let G be a locally C-stable t.d.l.c. group. Define the map 

±: CM{G) -^ CM{G) : a ^ [QCg(«)]. 

This is well-defined by Corollarv 13.121 The centraliser lattice CC{G) is defined 
to be the set {a^ \ a G CJ\f{G)} together with the map ± restricted to CC{G), 
the partial order inherited from £J\f{G) and the binary operations Ac and Vc given 
by: 

a Ac 13 = a A l3 

a\/cl3 = (a^A/3^)^. 

In general we will write V instead of Vc in contexts where it is clear that we are 
working inside the centraliser lattice. 

Theorem 5.2. Let G be a locally C-stable t.d.l.c. group. 

(i) The poset CC{G) is a Boolean algebra and _L^ : CN'{G) — ?> CC{G) is a sur- 
jective lattice homomorphism. 
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(ii) Fix a G CN{G) and let 9 he the map on CN'{G) given by (3 ^-^ (3 A a. Then 
9 is an idempotent order-preserving map, and 9{CN'{G)) = 9{CC{G)) ^ 
CV{G;a). Moreover, 9-\CV{G;a)) n CC{G) is a suhalgehra ofCC{G). 

We need the following basic group theoretic facts. 

Lemma 5.3. Let G be a group such that every normal subgroup has trivial centre, 
in other words that G has no non-trivial abelian normal subgroups. Then the 
following equations are satisfied for any normal subgroups A and B of G. 

(i)CUAnB) = CUA)nCUB); 
(tt) CA{B) = CAiAnB); 
(in) Ca(Cg(5)) = Ca(Ca(5)). 

Proof, (i) Let K = C%{A) and let L = C%{B). It is clear that 

Cg(Cg(A n B)) < Cg{Cg{A)Cg{B)) = K n L, 

so it suffices to show that K r\ L centralises Gg{A fl B). For this it is enough to 
show that M = Cg{A r\B)nKnL = l, since all subgroups under consideration 
are normal. We see that M n An B < Z{A fl 5) = 1, so M fl A centralises B, 
in other words M n A < Cg{B). Then M n A is centrahsed hj L, so M n A is 
central in M, so M fl A = 1, and hence M < Cg{A). Since K centralises Cg{A) 
and contains M, we see that M is central in Cg{A) and hence trivial, as required. 

(ii) Notice that Ca{A fl B) is normal in G and has trivial intersection with An B 
(since Z{AnB) = 1). Therefore [Ca(A n 5), fi] C Ca(A n 5) n 5 = 1, whence 
Ca{A n B) < Ca{B). The reverse inclusion is clear. 

(iii) This a special case of (ii), using the normal subgroups A and Cg{B) instead 
of A and B. D 

Proof of Theorem \5.2[ (i) Let a G Cf/{G), let A be a representative of a, and let 
U be an open compact subgroup of G such that A<U. By Lemma 13. Ill C^(y4) is 
then a representative of a"*"". We deduce a-*" > a and a-*" = a"*" from Lemma [331 
In particular, ± acts as an involution on CC{G), so _L^(£A/"(G')) = CC{G). It is 
clear that _L is order-reversing (so _L^ is order-preserving). Let a, /3 G CN'IG) and 
choose representatives A and B oi a, (3 respectively that are normal in the open 
compact subgroup V. Then we have Cv{AB) = Cv{A) fl Cv{B), so that 

(a V /3)^ = a^ A /3^. (2) 
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This shows that CC{G) is a meet-sublattice of CM{G). Since the only abehan 
normal subgroup of V is the trivial one, it also follows from Lemma 15.31 (i) that 
±^ is compatible with the meet operation. 

By Lemma [3171 a A/9 = if and only if B centralises an open subgroup of A, which 
amounts to saying that (3 < a^. Hence CC{G) as defined is a Boolean algebra by 
Lemma 14.61 

We see that _L^ is compatible with the join operations in passing from CJ^{G) to 
CC{G) as follows, using ([2]): 

a^' V, (3^' = («^' A 13^')^ = («^ A /3^)^ = (« V /3)^'. 

Hence _L^ is a lattice homomorphism. 

(ii) It is clear that e{CM{G)) = e{CC{G)), since ±^ is a projection of CAf{G) to 
CC{G). It is also clear that 9 is order-preserving. Given /3 G CJ\f{G) we have 



^±2 . ^ n±i 



2 



0^(/3) = (/3^ Aa)^ Aa = /3^ A a^ A a = /3^ A a, 

so ^2 = 0, 

We know that J.^ is the identity on CC{G), so the restriction of 6 to CC{G) is given 
by /3 H- )■ /3 A a. Let A be a representative of a and let /T be a direct factor of A. 
Choose U G B{G) such that both A and if are normal in U. Then /T = C\{K), 
so K = Ca{Cu{K)) by Lemma [5.31 (iii). In other words, [K] = P A a where /3 is 
the element [Cfj{K)] = [QC^(K)] oi CC{G). Thus e{CC{G)) contains /:i?(G;a). 

Let C = 9~^{CV{G;a)) fl £C(G'). Then C is closed under meets in CC{G), by 
the fact that X^ is compatible with the meet operation. Furthermore C is closed 
under complementation in CC{G), since the complement of /3 A a in CD{G\ a) is 
(/3 A a)-*- A a by Theorem 14.51 Using Lemma 15.3! (ii) we see that 

(/3 A a)^ A a = [Ca{A n B)] = [Ca{B)] = /3^ A a, 

where A and -B are representatives of a and /9 respectively that normalise each 
other. So £ is a subalgebra of CC{G). D 

Theorem [T] (ii) now follows from Theorem 15.21 together with Proposition I3.14[ 

Remark 5.4. Each element a of the centraliser lattice has a canonical 'global' 
representative, namely QCc.(a-'"). This subgroup contains all locally normal rep- 
resentatives of a, and is itself closed but not necessarily compact. 



27 



5.2 Weakly branch actions 

Let ^ be a Boolean algebra. Then by the Stone representation theorem, A defines 
a profinite space (that is, a compact totally disconnected space), the Stone 
space &{A) of A, whose points are the ultrafilters of A, with clopen subsets 
corresponding to elements of A. Conversely, given a profinite space X, the set A{X) 
of clopen subsets of X form a Boolean algebra. This correspondence produces a 
natural isomorphism between Aut(^) and Aut(©(v4)). In practice we will often 
find it convenient to abuse notation and treat elements of A as subsets of &{A), 
identifying a E A with 

6(a) := {p G &{A) I a e p} G A{G{A)). 

The expressions 'a G p' and 'p G a' for a G ^ and p G ©(.4) can therefore be 
taken to be synonymous. A partition "P of a G .4. is a finite subset of A such that 
the join of P is a and the meet of any two distinct elements of "P is 0; a partition 
of A is just a partition of oo in A. 

Definition 5.5. Let G be a topological group acting on a set Q. Say that the 
action of G on ^2 is smooth if every point stabiliser is open; in other words, for 
every open compact subgroup U of G, the orbits of f/ on fi are all finite. Note that 
if the action is smooth, then G is orbit-equivalent to any of its dense subgroups. 

The following fact shows the relevance of smooth actions for t.d.l.c. groups: 

Lemma 5.6. Let G be a t.d.l.c. group, let X be a profinite space and A a Boolean 
algebra. 

(i) If G acts on X by homeomorphisms, and if the G-action is continuous with 
respect to the topology of uniform convergence, then the corresponding G- 
action on the Boolean algebra of clopen subsets of X is smooth. 

(a) If G acts on A by automorphisms, and if the G-action is smooth, then the 
corresponding G-action on the Stone space &{A) is continuous with respect to 
the topology of uniform convergence. In particular, the action map {g, x) i— )■ 
gx is a continuous map from G x &{A) to &{A). 

Proof. Let U G B{G) and let X = Xi U ■ ■ ■ U X„ be a clopen partition of &(A). 

If G acts on X by homeomorphisms, and if the G-action is continuous with respect 
to the topology of uniform convergence, then for any net (ga) converging to the 
identity in G, for all i and each x E Xi, we have ga{x) G Xj for all sufficiently large 
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a. Therefore ga eventually belongs to the common stabiliser H = nr=i ^Xi, which 
is thus an open subgroup of G. It follows that Uxi = U H Gxi is of finite index in 
U, so that the t/-orbit of Xi is finite. Thus (i) holds. 

Assume now that G acts smoothly on A by automorphisms and set X = &{A). 
Since the action is smooth, the common stabiliser V = HILi ^^i ^^ open in U. 
Thus any net (go) converging to the identity in G eventually belongs to V and 
thus stabilises each Xi. Thus (ga) uniformly converges to the identity in the 
space of homeomorphisms of X. In particular the action of G on &{A) is jointly 
continuous (see P Chapter 7]). This proves (ii). D 

As before, let G be a group acting on a set Q. Given X C f2, the rigid stabiliser 
of X is the subgroup 

ristG(-^) := {g E G \ gx = X ioT all X E Q \ X}. 

Similarly, if G acts on a Boolean algebra A, then given a G ^ we define 
ristG(a) := {g e G \ gf3 = f3 for all (3 < a-^}. 

Notice that if ^ is a subalgebra of CC{G) or of CV{G), then QC(^(a) < ristG(a^) 
for all a E A. 

Lemma 5.7. Let G be a t.d.l.c. group acting smoothly on a Boolean algebra A 
and let v C (S{A). Then ristG(f) is closed. 

Proof. It suffices to show that Gp is closed for all p G &{A). This is immediate 
from Lemma [5.61 D 

Related to the notion of rigid stabilisers is that of (weakly, locally) branch 
actions. The centraliser and local decomposition lattices account for all faithful 
actions of this kind of a t.d.l.c. group (if any such actions exist). 

Definition 5.8. Let G be a t.d.l.c. group acting on a Boolean algebra A with kernel 
K. Say the action is weakly branch if the action is smooth and if ristG'(a)/i^ 
is non-trivial for every a E A\ {0}. Say the action is locally branch if it is 
weakly branch and if ristG(a)ristG(a-'-) is open for all a E A. Given an action 
of G by homeomorphisms on a profinite space X, we say the action is weakly or 
locally branch if the action of G on the algebra of clopen subsets of X is smooth 
and weakly or locally branch respectively. 
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Here are some basic properties of weakly branch and locally branch actions. We 
state it for actions on profinite spaces; of course the corresponding statements hold 
for actions on Boolean algebra by the Stone correspondence. 

Lemma 5.9. Let G be a t.d.l.c. group acting by homeomorphisms on a profinite 
space X containing more than one point. Assume that the action is weakly branch 
with kernel K. Then: 



(i) X has no isolated point. 

(a) //QZ(G) = 1, then for every non-empty proper clopen seta C X, the quotient 
nsto{c() / K is non-discrete. 

(Hi) For any two clopen subsets a,/3, we have a ^ (3 if and only if [ristG(«)] 7^ 
[ristG(/3)]. 



Proof. Notice that the G-action on X is continuous by Lemma 15.61 Therefore, 
there is no loss of generality in replacing G by the quotient GjK^ where K is the 
kernel of the action on X. 

(i) If a point x G X is isolated, its complement is a proper clopen set whose rigid 
stabiliser is trivial. This implies (i). 

(ii) Let a C X be a non-empty clopen subset. Then G^ is open since the G- action 
is smooth, and contains ristG'(«) as a non-discrete normal subgroup. If the latter 
were discrete, it would then be contained in QZ(G) by Lemma [3.21 contradicting 
the hypothesis that QZ(G) = L This proves (ii). 

(iii) Assume that a 7^ /3. Upon swapping a and /?, we may assume that a ^ /3. 
Then ristG'(« A /S"*-) is contained in ristG(«)- On the other hand ristG'(« A /S-*-) fl 
ristG(/3) = 1, so ristG(a) 7^ ristG(/3). □ 

We now study the rigid stabilisers of the G-action on the centraliser and local 
decomposition lattices. 

Proposition 5.10. Let G be a non-discrete t.d.l.c. group. Make one of the fol- 
lowing hypotheses: 

(a) H is a C-stable locally normal subgroup of G such that G = Coram.G{H) and 
A is a G-invariant subalgebra of CV{G; H) on which G acts faithfully. 

(b) G is locally C-stable and A is a G-invariant subalgebra of CC{G) on which G 
acts faithfully. 
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Then the following hold. 

(i) For each a G A, we have ristG(a) = QC^(a) = CG(QCc.(a)). Moreover 
ristG(a) contains each representative K E a. 

(a) For each a E A, the subgroup QC^(a) is a closed. 

(Hi) For each a E A, we have a = [ristG(«)]- 

(iv) The action of G on A is weakly branch, and if A is a subalgebra of CD{G) 
the action is locally branch. 

Proof. First note that the G-action on A is smooth. Moreover, either hypotheses 
imply that every element of A has C-stable representatives: this follows from 
Lemma [4 . 1 1 under hypothgesis (a) and from the definition under (b). 

(i) We see that QC(^(a) is contained in ristG(/9), where /3 is the complement of a 
in A. In particular, ristG(a) centralises QCg.(a), so ristG(tt) < CG(QC(j(a)) < 
QC^(q;). On the other hand QCg(Q;) commensurates every compact subgroup of 
QCc.(a), and for any 7 E CJ\f{G) such that a A 7 = 0, there is a representative of 
7 contained in QC Q{a). Hence QCg(Q!) < ristG'(a). This proves (i). 

(ii) Clear from (i) and Lemma [5.71 

(iii) Follows from (i) and Theorem I5.2( ii). 

(iv) If is clear from (i) that the action is weakly branch. If ^ is a subalgebra of 
CD{G), note that for all a G ^ there are representatives K oi a and L of «"*" such 
that KL is an open compact subgroup of G. Consequently ristG(«)ristG(a-'-) is 
open in G. D 

For a locally C-stable t.d.l.c. group, the faithful locally or weakly branch actions 
of G are controlled by CT>{G) and CC{G) respectively. 

Theorem 5.11. Let G be a locally C-stable t.d.l.c. group. 

(i) Every G-equivalence class of faithful weakly branch actions of G (if there are 
any) occurs as the action of G on a subalgebra of CC{G). 

(ii) Every G-equivalence class of faithful locally branch actions of G (if there are 
any) occurs as the action of G on a subalgebra of CD{G). 
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Proof. Let U be an open compact subgroup of G and let ^ be a Boolean algebra 
equipped with a faithful weakly branch action of G. Let a & A and let /3 = 
a-*-. Then Tistu{<y) is locally normal since the action of G is smooth. Let x G 
QC^(rist;7(a)). We claim that x G rist{/(/3), in other words, the set v of points 
moved by x is a subset of /3. If not, then v (1 a contains some 7 G .4., since v 
is an open subset of ©(.4). Indeed there is some 6 E A such that < 5 < 7 
and xS 7^ S. The fact that the action is weakly branch ensures that rist;7(5) and 
rist(/(x5) are not locally equivalent by Lemma IS^ iii). so x does not commensurate 
rist;7(5), and in particular x ^ QC^{nst^{6)). Since rist(7((5) < rist{/(a), we have 
a contradiction. 

Thus we have a map 9 : A ^ CC{G), given by 9{a) = [listuia)]- This map is 
clearly compatible with the meet operations, and it is injective by the fact that 
the action of G on ^ is weakly branch. To show 6 is an embedding of Boolean 
algebras, it remains to show that [rist;7(/3)] = [rist{/(a)]-'- where (3 = &{A) \ a. 
Certainly [ristc/(/3)] < [rist;7(a)]-'-, as rist;7(a) and Tistu{f3) commute. Conversely, 
we have already seen that if x G f/ centralises an open subgroup of ristt/(«), then 
X lies in the rigid stabiliser of f3. Thus [rist[/(/3)] = [rist[/(a)]-'- as claimed. 

Finally, note that if the action of G on ^ is locally branch, then rist{/(a) x ristuiP) 
is open, so rist[/(a) is an almost direct factor of U. So in this case 0{A) is contained 
in CV{G). n 

Proof of Theorem \I^ (i) This is clear from the definitions and the fact that ristG(«) 
contains every representative of a for all a G CC{G). 

(ii) By Theorem 15.111 (i), there is a G-equivariant embedding p of the algebra 
A of clopen subsets of X into CC{G). This embedding p then corresponds, via 
the contravariant functor provided by the Stone representation theorem, to a G- 
equivariant quotient map p* from &{CC{G)) to X. D 



5.3 A condition ensuring trivial rigid stabilisers 

We have seen that if G is locally C-stable and CC{G) is trivial, then G does not 
have any faithful weakly branch actions. In fact more can be said in this case 
about the faithful actions of G on compact spaces. 

Definition 5.12. Let G be a t.d.l.c. group. Say G has the locally normal 
intersection property (LNIP) if for any two non-trivial locally normal subgroups 
K, L of G, the intersection K n L is non-trivial. 

If G is locally C-stable, one sees that G has LNIP if and only if CC{G) is trivial. 
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Let G be a group acting faithfully on a topological space X. Say the action 
is locally faithful at x G X if for every neighbourhood O of x, the pointwise 
stabiliser of O in G is trivial. 

Proposition 5.13. Let G be a t.d.l.c. group with LNIP such that QZ(G) = 1, 
and let A he a Boolean algebra on which G acts smoothly and faithfully; let X = 
&{A) with the induced action of G. Then the set of points in X at which G acts 
locally faithfully is non-empty and closed. In particular, if the action of G on X is 
minimal, then ristG(«) = 1 for all a ^ A\ {c>o}. 

Proof. Let 2) be the set of points at which G acts locally faithfully. We see from 
the definition that X \ 2) is open and hence X is closed, since if G does not act 
locally faithfully at some p & X, then there is an open neighbourhood O of j3 such 
that the pointwise stabiliser of O is non-trivial, and hence G does not act locally 
faithfully at any point in O. 

Suppose 2) = 0. Then for each p G X, we can find ax E A such that p G ctp 
and ristG(a^) is non-trivial. Since the action of G on ^ is smooth, ristG(a^) 
has open normaliser in G; the fact that QZ(G) = 1 then forces ristG(a^) to be 
non-discrete. Since every point in X is covered by some Op, by compactness we 
have Vr=i '^pi ~ ^^ f°^ some pi,...,p„ G X. Fix an open compact subgroup 
U of G. Each of the groups ristt/(tt|^) is locally normal and non-trivial, so the 
intersection K = f]^^^Tistu{c(^) is non-trivial, since G has LNIP. But now the 
fact that Vr=i '^Pi = oo, in other words Ar=i '^in ~ '-'' Giisures that K acts trivially 
on A, contradicting the hypothesis that G acts faithfully on A. Hence 2) must be 
non-empty. 

Clearly 2) is G-invariant, so if the action of G on X is minimal, then 2) = X. D 

6 Some radicals of locally compact groups 

6.1 The quasi- hypercentre 

In previous sections, we found it useful to assume that the groups under consid- 
eration have trivial quasi-centre. Of course, there is no reason in general for a 
t.d.l.c. group to have this property; more interesting, however, is the question of 
which locally compact groups G have a non-trivial Hausdorff quotient G/K such 
that QZ{G/K) = 1. 

To address this issue, we need to introduce the following definitions. 
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Definition 6.1. Let G be a locally compact group. A subgroup i^ of G is called 
quasi-hypercentral in G if for each closed normal subgroup N oi G not con- 
taining K, the image of K in G/N intersects QZ{G/N) non-trivially. The quasi- 
hypercentre of G, denoted by QZ°°(G), is the intersection of all closed normal 
subgroups A^ of G such that Q,Z{G/N) = 1. 

The main properties of the quasi-hypercentre are collected in the following. 
Theorem 6.2. Let G be a locally compact group. Then: 

(i) QZ°°(G) is a closed characteristic subgroup. 

(a) The quotient G/QZ°°{G) has trivial quasi-centre. In particular QZ°°{G) is 
the unique minimal closed normal subgroup of G with this property. 

(Hi) QZ°°(G) is the unique largest quasi-hypercentral subgroup of G. 

Proof, (i) is clear by the definition of the quasi-hypercentre. 

(ii) Set H = QZ°°{G) and let A/" be the set of all closed normal subgroups A^ 
of G such that QZ(G/A^) = 1. Let x e G, and suppose xH e QZ{G/H). For 
any N e M, the group G/N is a quotient of G/H, so that xN e Qzi^G/N) by 
Lemma [3.2( iii). Since QZ{G/N) = 1 by the definition of A/", we infer that x E N. 
Thus X G flATeAA N = H. In other words G/H has trivial quasi-centre, as desired. 

(iii) Since QZ{G/H) = 1 by (ii), it follows that every quasi-hypercentral subgroup 
of G is contained in H. It remains to show that H itself is quasi-hypercentral. Let 
M be a closed normal subgroup of G not containing H. Then N = HdM does not 
contain H. Therefore, by the definition of H, the quasi-centre of G/N is non-trivial 
and, hence, there is some element x of G such that x ^ N and xN G QZ{G/N). 
Since QZ{G/H) = 1 by (ii), in fact we have x e H\N = H\M. Since N < M, 
the group G/M is a quotient of G/N, and we deduce from Lemma 1312^ 111) that x is 
an element of H whose image in G/M is non-trivial and contained in QZ (G/M). 
We conclude that H is quasi-hypercentral in G, as desired. D 

Recall that the quasi-centre QZ(G) is characteristic but need not be closed. The- 
orem |62] ensures that if QZ(G) is non-trivial, then QZ°°(G) is a non-trivial closed 
characteristic subgroup (that could be the whole of G). 
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6.2 Relation with the quasi-hypercentre of subgroups 

We now specialise to t.d.l.c. groups. The goal is to establish the following stability 
properties of the quasi-hypercentre by passage to subgroups. 

Proposition 6.3. Let G be a t.d.l.c. group and H be a subgroup. 

(i) IfH IS closed and normal, then QZ°°(i7) > QZ°°(G) niJ. 
(ii) IfH IS open, then Q;L'^{H) = QZ~(G) n/f. 

The proof of that proposition requires some preparations and will be given at the 
end of the subsection. We shall need additional definitions. 

Recall that given two normal subgroups K > L oi a.n abstract group G, the 
centraliser of K modulo L is defined by 

CG{K/L) = {geG\ [g,K]cL}, 

where we define [u, g] = ugu^^g^^. The centraliser Cg{K/L) is a normal subgroup 
of G, since it coincides with the preimage in G of the centraliser Cg/l{K/L). We 
shall need to quasify this notion as follows. 

Definition 6.4. Let G be a t.d.l.c. group and let K and L be closed subgroups. 
The quasi-centraliser of K modulo L is defined by 

QCg{K/L) = {geG\ there is f/ G B{G) such that [g, UnK]cL.} 

The following shows that QCq{K/L) is a normal subgroup of G provided that L 
is normal in K and that K and L are both 'quasi-normal' in G: 

Lemma 6.5. Let G be a t.d.l.c. group and let K and L be non-trivial subgroups 
of G such that L < K. Assume that gKg~^ G [K] and gLg~^ G [L] for all g E G. 
Then: 

(i) QCg{K/L) = QCg{K'/L') for all K' G [K] and L' G [L\. 
(ii) QCq{K/L) is a non-trivial normal subgroup of G. 

Proof, (i) It is clear from the definition that Q,Cq{K/L) is invariant under replac- 
ing K with a subgroup of G that is locally equivalent to K. 
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Let M = VnLioT some open compact subgroup V of G. Certainly QCq{K/M) C 
QCq{K/L). On the other hand, given g G QCq{K/L) and an open compact 
subgroup U oi G such that [u, g] & L for all m G U HK, there is an open subgroup 
W oi V such that WgWg~^ is a subset of V. Thus for aA\ w & W H K we have 
[w,c/] G 1/nL = M, so QCciK/M) = QCciK/L). Hence QCG(i^/L) is invariant 
under replacing L with a subgroup of G that is locally equivalent to L. This proves 

(i)- 

(ii) We see that L < QCq{K/L), since [-ft', -^] < L, so QCq{K/L) is non-trivial. 

Let g,h E Q,Cq{K/L) and let f/ and V be open compact subgroups of G such that 
[u, g] e L for all m G f/ fl J'i' and [v, h] e L for all ^; G l^ fl K. Then ioi u eU nV 
we have 

[m, 5f~^/i] = ug^^hu~^h~^g = g'^ [g, u] [u, h]g G g^^Lg. 

Since g~^Lg G [L] by hypothesis, we deduce from (i) that g^^h G QCQ{K/g^^Lg) = 
Q,Cq{K/L), so Q,Cq{K/L) is a subgroup of G. By definition, we have 

gQCG{K/L)g-' = QCaigKg-' /gLg-') 

for all g & G. Therefore QCq{K/L) is normal in G by (i). D 

We note the following fact separately as it will be used again later. 

Lemma 6.6. Let G be a t.d.l.c. group. Suppose that to every open compact sub- 
group U we have assigned a closed normal subgroup R(t/), such that the following 
statements hold: 

(a) Given two open compact subgroups U and V of G, then R(f/) is commensurate 
toRiy). 

(b) Given an open compact subgroup U of G, then the quotient U/K{U) has trivial 
quasi-centre. 

Let U G B{G) and set K = QCciU/RiU)). Then: 

(i) K = QCg{V/R{V)) for any V G B{G). 
(ii) KnV = RiV) for every V G B{G). 
(Hi) K is a closed normal subgroup of G. 
(iv) QZ{G/K) = 1. 
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Proof, (i) Condition (a) ensures that the set {R(f/) | U G B{G)} hes in a single 
commensurabihty class of subgroups of G, so that R(f/) is a locally normal sub- 
group of G such that [R(t/)] does not depend on U. It follows from Lemma 16.51 
that K is normal in G and does not depend on the choice of U. Thus (i) holds. 

(ii) By the definition of K, we see that KCiU consists of those elements of U whose 
image in U/R{U) is quasi-central. By condition (b), we thus have K nU = R{U). 
Hence fii) follows from (i). 



(iii) We have already noted that K is normal in G as a consequence of Lemma 16751 
Since K nil = R(f/) is closed in U by (ii), it follows that K is closed in G. 

(iv) Let X G G such that xK G QZ{G/K); then x centralises VK/K for some open 
compact subgroup V of G, but this ensures in turn that x G QCg(V^/R(V^)) = K 
by (ii), so xK is trivial. Hence QZ{G/K) = 1. D 

Proof of Proposition [gTM (i) We see that the quasi-hypercentre of a t.d.l.c. group 
is a characteristic subgroup, so QZ°°(if ) is normal in G. Let K = Cg{H/QZ°°{H)) 
be the centraliser if H modulo QZ°°{H). Since H and QZ°°{H) are closed nor- 
mal subgroups of G, so is K. Moreover K nH = QZ°°(if), since H/QZ'^iH) 
has trivial quasi-centre. Consequently the quotient G/K of G has a normal 
subgroup HK/K = H/QZ'^^H) whose quasi-centre is trivial by Theorem 16.21 
Since QZ{G/K) f] HK/K < QZ{HK/K) = 1, we infer that QZ{G/K) is a nor- 
mal subgroup of G/K with trivial intersection with HK/K. Therefore HK/K 
and QZ{G/K) commute. On the other hand the definition of K implies that 
HK/K has trivial centraliser in G/K. It follows that QZ{G/K) = 1. Therefore 
K > QZ°°(G), and thus QZ~(if) = KnH> QZ°°(G) n H. 

(ii) Let Q = QZ°°{G). Note that H/{Q f] H) ^ HQ/Q, and HQ/Q is an open 
subgroup of G/Q; thus QZ{HQ/Q) < QZ{G/Q) = 1, so H/{Q n H) has trivial 
quasi-centre. By Theorem 16.21 we conclude that Q il H > QZ°°{H). 

Combining this with part (i), we see that QZ°°(0) = QZ°°(G) flO in the case that 
O is an open normal subgroup of G. 

Let now V < U he a. compact open subgroups of G. Let O be the core of V in 
U, so that O is an open normal subgroup of both V and U. By the preceding 
paragraph, we have 

QZ°°{U) no = Qz°°(0) = Qz°°(\/) n o. 

In particular QZ°°([/) and QZ°°{V) are commensurate. This implies that if for all 
U,V G B{G), the groups QZ°°([/) and QZ°°(1^) are commensurate. 
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Define R(t/) := QZ°°{U) for every profinite group U. We liave just cliecked tliat 
condition (a) from Lemma [6.61 is satisfied, and so is condition (b) by Tlieorem 16.21 
Hence, given V G B{G), tlie group K = QCQ{V/Q,Z°°(y)) is a closed normal 
subgroup of G tliat does not depend on the choice of V. Moreover Lemma 16.61 
ensures that QZiG/K) = l,soK>Q. Also KnV = QZ°°{V) <QnV, where 
the latter containment was observed in the first paragraph above. If follows that 
Q contains an open subgroup of K, so K/Q is a discrete normal subgroup of G/Q; 
since QZ{G/Q) = 1, this forces K = Q hj Lemma [3.21 

This shows that QZ°°(G') = QC(j(V/QZ°°(V)) for any open compact subgroup V 
of G. In particular, if H is any open subgroup of G, we may replace V hy V H H 
and deduce that 

QZ^{G) nH = QCa{V/QZ^{V)) n H = QC^(V/QZ°°(V)) = QZ°°(i7). 

This confirms (ii). D 

Remark 6.7. We have shown that the local equivalence class of the quasi-hyper- 
centre is unchanged by passing to an open subgroup. In particular for any open 
subgroup H of G and any V G B{H), the group QZ°°{H) is locally equivalent to 
QZ°^(y), so we have 

QZ°°(G) = QCg{V/QZ'^{V)) = QCaiH/QZ'^iH)). 

Remark 6.8. In general, the quasi-hypercentre of an arbitrary closed subgroup 
of a t.d.l.c. group bears no relation to that of the group itself. For instance, any 
profinite group H can be embedded as a closed subgroup of the Cartesian product 
G of its finite continuous images, in which case QZ°°(G) = G since QZ(G) is dense 
in G. On the other hand H can be embedded in a semidirect product K y\ H 
(where K is an infinite Cartesian product of copies of the free profinite group on 
2 generators, for instance, and H permutes the terms of this product) of such a 
form that QZ°°(fs: x //) = qZ{K x i7) = 1. 



6.3 Other radicals 

We have seen that locally compact groups admit a unique largest quotient with 
trivial quasi-centre. In a similar manner, for some classes of profinite group there 
is a unique largest quotient that has no non-trivial locally normal subgroups in 
the given class. In particular, a motivation for eliminating virtually abelian locally 
normal subgroups in this way is the centraliser lattice described in Section 15.11 

Definition 6.9. Let C be a class of profinite groups. Say C is stable if the 
following conditions hold: 
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(a) C contains all abelian profinite groups, as well as all finite simple groups; 

(b) Given a group U E C and a closed normal subgroup K of U, then K E C and 
U/K G C; 

(c) Given a profinite group U that is a product of finitely many closed normal 
C-subgroups, then U E C. 

Given a profinite group U, write C{U) for the closed subgroup generated by all 
normal C-subgroups of U. 

Given a stable class C, say a t.d.l.c. group G is C-semisimple if QZ(G') = 1 and 
the only locally normal subgroup of G belonging to C is the identity subgroup. 
For a profinite group U, a subgroup K of U is called C-regular in U if for every 
closed normal subgroup L oi U not containing K, the image of K in U/L contains 
a non-trivial locally normal C-subgroup of U/L. For a t.d.l.c. group G and closed 
subgroup H, say -ff is C-regular in G if f/ fl i/ is C-regular in U for all open 
compact subgroups U of G. 

Write [A] for the smallest stable class; note that all groups in this class are virtually 
nilpotent. Another example of a stable class (within the class of profinite groups) 
is the class of profinite groups that are topologically generated by pronilpotent nor- 
mal subgroups and quasisimple subnormal subgroups; for this class C, then C{U) 
is the generalised pro-Fitting subgroup of U. The regular and semisimple 
classes associated to this class are discussed in [13] . 

Here is the main theorem for this section. 

Theorem 6.10. Let G be a t.d.l.c. group and let C be a stable class of topological 
groups. Then G has a uniquely defined closed normal subgroup Rc(G), the C- 
regular radical of G, that is characterised by either of the following properties: 

(i) Rc(G') is the unique largest subgroup of G that is C-regular in G; 

(a) G/Iic{G) is C-semisimple, and given any closed normal subgroup N of G 
such that G/N is C-semisimple, then N > Rc{G). 

The proof will be given at the end of the section. The following classical fact is 
well known. 

Lemma 6.11 (Dietzmann's Lemma). Let G be a group and H be a finite subset 
consisting of torsion elements. If S is invariant under conjugation, then (S) is 
finite. 
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Proof. See [6] or [IH p. 154]. D 

For the remainder of this section, C is a stable class of profinite groups. We need 
to check that the local and global definitions of C- regularity are not in conflict; 
this will be ensured by part (v) of the following lemma. 

Lemma 6.12. Let U be a profinite group. 

(i) Suppose that C{U) = 1. Then U is C-semisimple. 

(a) Let M he the set of all closed normal subgroups N of U such that U/N is 
C-semisimple, and define K = R{U) to be the intersection of Af. Then U/K 
is C-semisimple. 

(Hi) Let N be a non-trivial closed normal subgroup of U such that N does not 
contain any non-trivial closed normal C-subgroups of U. Then U/Cu{N) is 
a non-trivial C-semisimple image of U . 

(iv) Let V > K > L be closed normal subgroups of U and suppose K is C-regular 
in U . Then L is C-regular in U and K is C-regular in V . 

(v) Let K be a closed normal subgroup of U , let V be an open subgroup of U and 
let L < K be a closed normal subgroup ofU that has finite index in K . Then 
the following are equivalent: (a) K is C-regular in U; (b) L is C-regular in 
U; (c) K r\V is C-regular in V . 

Proof, (i) Let H he a, non-trivial finite locally normal subgroup of U . Then by Di- 
etzmann's Lemma (see Lemma [6. lip . H is contained in a finite non-trivial normal 
subgroup K of f/; there is then a characteristic subgroup M oi K that is a direct 
power of a finite simple group, so that M is a normal C-subgroup of U. Thus the 
condition C{U) = 1 ensures that every non-trivial locally normal subgroup of U is 
infinite. 

Let H be an infinite locally normal C-subgroup of U, and let V he a closed normal 
subgroup of U of finite index that is contained in Nu{H). By intersecting with 
V ., we may assume H < V. Let K he the smallest closed normal subgroup of U 
containing H. Then K is topologically generated by the set of conjugates of H in 
U, which is a finite set of normal subgroups of K (since K < V), so K is a. normal 
C-subgroup of U, contradicting the assumption that C{U) = 1. 

It remains to show that QZ(f/) = 1. If not, then there is some open normal 
subgroup V oiU such that CuiV) > 1. Then CuiV) is normal in U, hence infinite. 
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so that Z(y) = Cu{V)r\V is infinite as well. But then Z{V) is a non-trivial abelian 
normal subgroup of f/, so 1 < Z(y) < C{U), a contradiction. 

(ii) We may assume K = 1. By (i) it suffices to show that C{U) = 1. Let H be 
a non-trivial closed normal subgroup of U such that H & C. Then there is some 
A^ G A/" such that H ^ N. But then the image of H in ?7/A^ is a non-trivial normal 
C-subgroup, contradicting that U/N is C-semisimple. 

(iii) Let K = Cu{N). We must have Z(A^) = 1, since otherwise Z(A^) would be a 
non-trivial normal C-subgroup of U; thus KnN = 1. As a consequence, U/K has a 
normal subgroup NK/K isomorphic to A^, and in particular U/K ^ 1; moreover, 
Cu/k{NK/K) = 1. Let H/K be a non-trivial normal C-subgroup of U/K. Then 
H/ K n NK/K is non-trivial since NK/K has trivial centraliser. Since H > K, 
we then have L > 1 where L = H (1 N. Now L is isomorphic to (if fl NK)/K, 
so L is a normal C-subgroup of U contained in A^, a contradiction. Thus no such 
subgroup H/K of U/K exists, so C{U / K) = 1; by part (i), it follows that U/K is 
C-semisimple. 

(iv) If L is not C-regular in [/, then there is some closed normal subgroup M 
of U not containing L such that LM/M does not contain any non-trivial closed 
normal C-subgroups of U /M . It follows by part (iii) that there is a closed normal 
subgroup R oi U containing M but not L such that U/R is C-semisimple. But 
then every C-regular closed normal subgroup of U must be contained in R, so K 
is not C-regular in U. This confirms that L is C-regular in U as soon as K is so. 

Let A^ be a closed normal C-subgroup of V that does not contain K, and let R be 
the core of A^ in U. Then KR/R contains a non-trivial locally normal C-subgroup 
S/R of U/R. Since S > R, there is some u E U such that S ^ uNu~^. Since 
S < KR < U, we infer that u~^Su < KR < V . Thus u~^ SuN / N is a non-trivial 
locally normal C-subgroup of V/N that is contained in KN/N . This confirms that 
K is C-regular in V . 

(v) We have already seen in (iv) that (a) implies (b). In the other direction, 
suppose that (b) holds and let M be a closed normal subgroup of U that does not 
contain K. If KM /M is finite, then it certainly contains a non-trivial normal C- 
subgroup of U /M. If KM/M is infinite, then LM/M is also infinite and so contains 
a non-trivial normal C-subgroup of U /M. Thus (a) and (b) are equivalent. 

Given the equivalence of (a) and (b), from now on we may assume K <V . Suppose 
K is C-regular in one of U and V . Then K is C-regular in the core W oiV in U 
by (iv). Let Y be either U or V . Given a closed normal C-subgroup R oiY not 
containing K., then i^ fl 14^ is a normal C-subgroup of W not containing K. It 
follows that K{R fl W)/{R fl W) contains a non-trivial locally normal C-subgroup 
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S/{R n W) of W/{R r\W), so KR/R contains the non-trivial locally normal C- 
subgroup SR/R of W/R; note that SR/R is also locally normal in Y/R. Thus K 
is C-regular in F, so (a) and (c) are equivalent. D 

Proof of Theorem \6.1(A Assume for the moment that G is profinite. 

Let M be the set of all closed normal subgroups of G such that G/N is C- 
semisimple, and let K be the intersection of M . Then K satisfies property (ii) 
of the theorem by Lemma 16.121 (ii). It is clear from the construction that K 
contains every subgroup of G that is C-regular in G. 

Let A^ be a closed normal subgroup of G not containing K. If KN/N is abelian, 
then it is a locally normal C-subgroup of G/N. If KN/N is non-abelian, let 
L = Cg{KN/N) be the centraliser of KN modulo A^. Note that L does not 
contain K, so by the definition of K, the quotient G/L cannot be C-semisimple. It 
then follows by Lemma 16.121 (iii) that KN/N contains a non-trivial closed normal 
C-subgroup of G /N . Thus K is C-regular in G. 

We have proved the theorem in the profinite case. Now let G be an arbitrary t.d.l.c. 
group. We have already obtained a C-regular radical for the compact subgroups of 
G. Moreover, the C-regular radicals of the open compact subgroups lie in a single 
commensurability class: this is clear from Lemma 16.121 (v) and the fact that the 
C-regular radical is the unique largest C-regular normal subgroup. Let U be an 
open compact subgroup of G and define R = Rc(G) := Q,Cq{U/Rc{U)). Then 
by Lemma 16. 6^ i? is a closed normal subgroup of G that does not depend on the 
choice of U, such that QZ{G/R) = 1 and i? n f/ = Rc(f/). 

The open compact subgroups of G/R are of the form UR/R for U an open compact 
subgroup of G] UR/R is isomorphic to U/U R = U/RdU), so UR/R is C- 
semisimple. Hence G/R is C-semisimple; in particular Kc{G/R) = 1. 

Let A^ be a closed normal subgroup of G such that G/N is C-semisimple. Then 
by the profinite case of the theorem, we have A^ > KciU) for every open compact 
subgroup U of G] this ensures that RN/N is a discrete normal subgroup of G/N. 
But G/N has trivial quasi-centre, so all discrete normal subgroups are trivial. 
Thus N > R. We have now shown that property (ii) holds, which is clearly a 
characterisation of the C-regular radical. 

Given an open compact subgroup V of G, then the V (iRis C-regular in V by the 
profinite case of the theorem. Hence R is C-regular in G. The fact that G/R is 
C-semisimple then ensures that R is the largest C-regular closed normal subgroup 
of G. D 
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Theorem IIIII now follows immediately from Theorems 16.21 and 16.101 
Theorem 16.101 also has the following consequence: 

Corollary 6.13. Let G be a t.d.l.c. group. Then at least one of the following 
holds: 

(i) G is [A]-regular; 

(a) there is a closed characteristic normal subgroup R of G such that G/R is 
non-discrete and [A]-semisimple. 

In particular, consider a topologically characteristically simple t.d.l.c. group G. 
Then G is either [A]-regular or [A]-semisimple. 

As in the case of the quasi-hypercentre (see Proposition 16. 3p . the C-regular radical 
enjoys stability properties with respect to certain closed subgroups. 

Proposition 6.14. Let G be a t.d.l.c. group and let C be a stable class of profinite 
groups. 

(i) Let H be a closed normal subgroup of G. Then Kc{H) > Rc(G') fl H. 
(a) Let H be an open subgroup of G. Then RciH) = Rc(G') fl H. 

Proof, (i) Let U be an open compact subgroup of G. Then Rc{U) is C-regular in 
U, so Rc{U) nH is C-regular in f/ n if by Lemma [6l2] (iv). Thus Rc(t/) HH < 
Rc{UnH). At the global level, we have QCj:^(G/(Rc(f/) nif)) = QC^(G/Rc([/)) 
since H is normal in G, so [g,h] E H whenever g E G and h E H. Hence we have 

Rc{H) = QC^(G'/Rc(f/nif)) 

> QC^(G/(Rc(f/)nif)) 

= QC^(G/Rc(t/)) 

= Rc{G)nH. 

(ii) We can obtain both Rc{H) and Rc{G) n H as QCh{U/Rc{U)), where U is an 
open compact subgroup of G that is contained in H. D 

We finish this section by linking it with our previous discussion of locally C-stable 
t.d.l.c. groups. In particular we strengthen Proposition 13. 141 

Proposition 6.15. Let G be a t.d.l.c. group. The following are equivalent: 
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(i) G is locally C-stable; 

(a) we have QZ(G') = 1, and for every locally normal subgroup H of G and open 
compact subgroup U of G we have Gg{HCu{H)) = 1; 

(in) we have QZ(G) = 1 and there are no abelian locally normal subgroups; 

(iv) G is [K\-semisimple. 

Proof. Suppose G is locally C-stable. Then (ii) follows immediately from Lemma fS-lSI 

Suppose (ii) holds and let H be an abelian locally normal subgroup of G. Let U 
be any open compact subgroup of G. Then H < Cg{HCu{H)) = 1. 

Suppose (iii) holds. If G is not [A]-semisimple, then there is an open compact sub- 
group U oi G such that U has a non-trivial normal [A]-subgroup H, by Lemma [6. 121 
(i). But we see by hypothesis that U has no non-trivial finite or abelian locally 
normal subgroups, so by the construction of [A] , there is no way to obtain a normal 
[A]-subgroup. Thus G is [A]-semisimple. 

Now suppose that G is [A]-semisimple. In particular, QZ(G) = 1 and that there 
are no non-trivial abelian locally normal subgroups. Let H he a. locally normal 
subgroup of G and let U be an open compact subgroup of G such that H <U (see 
Lemma [2.1( iv)). Then 

QCuiH) n QCu{Cg{H)) = Cu{H) n Cu{Cg{H)) 

by Lemma ESI and Cu{H) n Cu{Cg{H)) < Z{Cu{H)) = 1 since Cu{H) is lo- 
cally normal. Now let V be any open compact subgroup of G. We see that 
QCy{H) r\Q,Cy{CG{H)) is finite and locally normal, and hence trivial as re- 
quired, n 



7 Refinements of the group topology 

7.1 The structure lattice and refinements of the group 
topology 

In this section, we investigate the structural significance of fixed points in the 
action of a t.d.l.c. group G on its structure lattice. Of course, if G has a closed 
normal subgroup K that is neither discrete nor open, then [K] is a non-trivial 
fixed point in CM{G). Especially interesting, however, is the question of whether 
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a compactly generated, topologically simple t.d.l.c. group can have non-trivial 
fixed points in CJ\f{G). We shall come back to this question issue in the second 
paper [5], elaborating on the results of the present chapter. In fact, most results 
we shall obtain here are for t.d.l.c. groups that are first-countable or a-compact; 
it is known (see [5]) that a compactly generated (or even a-compactly generated) 
t.d.l.c. group without non-trivial compact normal subgroups is second-countable 
(and hence also first-countable and a-compact). 

Our first goal is to prove Theorem \IV\ giving a general connection between the 
structure lattice and group topologies for first-countable t.d.l.c. groups. 

Definition 7.1. Let G be a t.d.l.c. group and let /x be a commensurability class (or 
subset of a commensurability class) of compact subgroups of G. The localisation 
of G at /x is the t.d.l.c. group H, unique up to isomorphism, that admits a contin- 
uous embedding cj) : H ^ G, such that for some (any) K E n, 'Pi.H) = Comm.G{K) 
and (f)~^{K) is an open compact subgroup of H. This group topology on H is 
called the localised topology at /i; it is denoted by 7(^). 

Thus, as an abstract group, the localisation of G at yU coincides with ComTaciK) 
so that the localisation of G at // is nothing but (CommG'(i^), 7(^)). 

Starting with a t.d.l.c. group G, one sees that the t.d.l.c. groups with the same 
group structure as G but a finer topology are precisely the groups of the form 
(G, 7^^)), where /i is a G-invariant commensurability class of compact subgroups 
of G. If G is first-countable, we can in fact classify these topological refinements 
of G using the structure lattice: this is the purpose of Theorem llVi 

First we recall a result of Caprace-Monod |1]. Recall that a t.d.l.c. group G is 
residually discrete if the intersection of all open normal subgroups of G is trivial. 

Proposition 7.2 ([1] Corollary 4.1). Let G be a compactly generated t.d.l.c. group. 
Then the following are equivalent: 

(i) G is residually discrete; 

(a) G has a base of neighbourhoods of the identity consisting of subsets that are 
invariant under conjugation; 

(Hi) G has a base of neighbourhoods of the identity consisting of open compact 
normal subgroups. 

Corollary 7.3. Let G be a residually discrete locally compact group and let x E G. 
Then the open subgroups of G normalised by x form a base of neighbourhoods of 
the identity. 
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Lemma 7.4. Let U be a first- countable profinite group and let K be a closed 
subgroup of U . Then U commensurates K if and only if U normalises an open 
subgroup of K. 

Proof. Certainly, if U normalises an open subgroup of K then U commensurates 
K. Conversely, suppose U commensurates K. Let /i be the commensurability class 
oi K. Then [/(^) is residually discrete, so by Corollary 17.31 we have U = [J{N)7(L) | 
L <o K}. Now K is first-countable, so it has countably many open subgroups; 
thus we have expressed [/ as a union of countably many subgroups, each of which 
is closed for the given topology on U. By the Baire Category Theorem, at least one 
of these, say Nu{L), must be open in U. Thus L has finitely many conjugates in U, 
and we have U = Comm(7(L) since L is commensurate with U. Hence Huec/ '^Lu~^ 
is a closed subgroup of L of finite index and thus an open subgroup of K. D 

Proof of Theorem \IV\ Let T be the given topology of G and let T' be a refinement 
of T compatible with the group structure. By van Dantzig's theorem, under T' 
there is a subgroup i^ of G that is open and compact; it follows that K is compact 
under T. Moreover, the set of such subgroups forms a commensurability class /i 
that is invariant under conjugation in G. In particular, given a subgroup U oi G 
that is open and compact under T, then by Lemma 17. 4^ U normalises a subgroup 
L E fi. Thus fi corresponds to an element a = [L] of CN{G); we have G = Ga 
since /i is G-invariant, and see that the topology T' is exactly the topology 7(q). 

Conversely, let a G CN'{G) that is fixed by G. Then G admits a locally com- 
pact topological refinement by declaring the representatives of a to be open and 
compact, in other words, the group ((?,?(«)), which by definition has the same 
underlying group structure as G. D 

Note that none of the group topologies in Theorem IIVI are cr-compact, except 
possibly the original topology of G, since a closed subgroup of a profinite group is 
either open or of uncountable index. 

We can now prove a slightly more general form of Theorem IVl 

Theorem 7.5. Let G be a second- countable t.d.l.c. group with trivial quasi-centre. 
Make one of the following hypotheses: 

(a) There is a C-stable locally normal subgroup H of G such that H = CommG'(iif) 
and G acts faithfully on A = CD{G] H). 

(b) G is locally C-stable and and G acts faithfully on A = CC{G). 
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Then the topology of G is the coarsest group topology on G that forms a Baire 
space. 

Consequently, the topology of G is the unique a-compact locally compact topology 
compatible with the group structure (in particular, it is preserved by every auto- 
morphism of G as an abstract group), and the set of all locally compact group 
topologies of G is in natural bisection with the set of fixed points of G acting on 
CN'{G) by conjugation. 

Proof. Say a subset of G is Markov-closed if it is is closed with respect to every 
Hausdorff group topology of G. Write T for the original topology of G. 

Let a E A. Under both hypothesis (a) and hypothesis (b), by Proposition 15.101 
we have [ristG'(a)] = a; moreover, ristG'(a) can be realised as a centraliser of a 
subgroup of G, so ristG(a) is Markov-closed. In the action of G on A, the point 
stabiliser G^ is precisely NG(ristG(a)); since ristG(a) is Markov-closed, we conclude 
that Ga is Markov-closed. 

Now let T' be a group topology for G that forms a Baire space. By the previous 
argument, Ga is closed under T'. Since G is second-countable, we also know that 
Ga has countable index in G. In any topological group that is a Baire space, closed 
subgroups of countable index are open as a consequence of the Baire Category 
Theorem. So T' is a refinement of the topology T_a generated by {gGa \ ol € 
Ag^G}. 

Since G acts faithfully on A., the topology 7^ is Hausdorff: given x,y & G such 
that X 7^ y, then xa ^ ya for some a in A, so {xGa,yGa) is a separating pair 
of neighbourhoods for {x,y). Let U be an open compact subgroup of G under T. 
Then U is compact under Ta, since Ta '^ T, and therefore U is closed under Ta 
since Xa is Hausdorff. Hence U is closed under T', and hence open in T' since U 
is of countable index. 

We have shown that T' contains a base of neighbourhoods of the identity in T, 
namely the set of open compact subgroups. Since T and T' are group topologies, 
it follows that T C 7"'. Note that the original topology, and indeed every locally 
compact topology of G, is a Baire space. Thus T is the coarsest group topology on 
G that forms a Baire space. The remaining assertions follow by Theorem IIV[ D 
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7.2 Subgroups abstractly generated by locally normal sub- 
groups 

Let G be a locally compact group. Recall that the group Aut(G) of homeomorphic 
automorphisms carries a natural Hausdorff group topology, called the Braconnier 
topology (see Appendix I in |1]). Basic identity neighbourhoods in Aut(G) are 
provided by the sets 

^{K, U) = [ae Aut(G) \Wx e K, a{x) e Ux and a~^(x) G Ux}, 

where K runs over compact subsets of G and U runs over identity neighbourhoods 
of G. In particular, for each compact open subgroup U < G, the stabiliser {a G 
Aut(G) I a{U) = U} is an identity neighbourhood in Aut(G). 

Lemma 7.6. Let Ui > U2 > ■ ■ ■ be a basis of identity neighbourhoods in G con- 
sisting of compact open subgroups. Let (an) be a sequence in Aut(G') such that 
lim„^oo C(n{x) = X for all x E G. 

If for each m, there is some uq such that an{Um) = Um for all n > no, then the 
sequence (an) converges to the identity with respect to the Braconnier topology. 

Proof. Let K G G he a compact subset and U < G a.n identity neighbourhood. 
Choose Um C U. We can find a finite subset {xi, . . . ,Xk} C K such that K C 
[Ji^iUmXi. Since (a„) converges pointwise to the identity, so does the sequence 
(a"^). Hence we may find no such that an{xi) G UmXi and a~^(xj) G UmXi for all 
n > hq. 

Let now x & K. Choose i such that UmX = UmXi- Thus we have 

Similarly, we get a~"'^(x) G UmX. This shows that a„ belongs to 'Qi{K,Um) C 
^{K, U) for all n > uq. Thus {an) converges to the identity with respect to the 
Braconnier topology. D 

In what follows, automorphism groups of locally compact groups will always be 
implicitly endowed with the Braconnier topology. 

Definition 7.7. Let G be a t.d.l.c. group and let a G CJ\f{G). Define the locally 
normal closure LN(G, a) of a in G to be the group generated by all locally 
normal representatives of a. 
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We remark that if a is fixed by G, then LN(G, a) is a normal subgroup of G, which 
is not necessarily closed. 

Proposition 7.8. Let G be a first- countable t.d.l.c. group and let a be a fixed 
point of G in CM{G). Let D = LN(G, a). Then the natural homomorphism 
G — 7- Aut(Z}, 7(q,)) induced by the G-action by conjugation is continuous. 

Proof. Since G commensurates the open compact subgroups of {D, T(a)), it follows 
that the homomorphism cp: G ^ Aut(Z), T{a)) induced by the conjugation action 
indeed takes its values in the group of homeomorphic automorphisms of [D, T(a))- 
Let {gn) C G be a sequence converging to the identity in G. 

Let us first show that ip{gn) converges pointwise to the trivial automorphism. 
Let X E D. Let Li,...,Lk be locally normal representatives of a such that 
X G L1L2 . . . Lk. Then the group f]-^^NG{Li) is open in G, and therefore con- 
tains gn for all sufficiently large n. In particular, for such a large n, we have 
ip{gn).x = gnXg~^ G L1L2 ■ . . Lk- The latter product being compact with re- 
spect to the localised topology 7(a), it follows that the sequence of commutators 
[gnxg~^x~^) is bounded in {D,T(a))- Therefore, all we need to show is that 1 is 
its only accumulation point. Suppose for a contradiction that some subsequence 
{[gfin),x]) converges to 2; 7^ 1. Choose a locally normal representative L of a 
which is sufficiently small so that z ^ L. We have [(?/(„), x] e Lz for all large n. In 
particular [gf{n),x] G Oz, where O is any open compact subgroup of G containing 
Ng{L). Since z has non-trivial image in N(5(L)/L, we may choose O small enough 
so that it does not contain z. Then O and Oz are disjoint so that [gf(^n),x] ^ O 
for all large n. Since O is open subgroup of G, we deduce that [(?/(„), x] does not 
converge to the identity in G, which is absurd. 

Let now U be an open compact subgroup of Ng{L). Let U = Uq > Ui > . . . 
be a basis of identity neighbourhoods of G consisting of open compact subgroups. 
Then the groups L^ = LnUm form a basis of identity neighbourhoods in {D, T[a))- 
Clearly, for each ?7i > 0, we have gn G NciLm) for all sufficiently large n. 
Lemma 17.61 now implies that <^{gn) converges to the identity with respect to the 
Braconnier topology. D 

Corollary 7.9. Let G be a first- countable t.d.l.c. group, and let a be a fixed point 
of G in CM{G) . Let D be an abstract normal subgroup of G generated by locally 
normal representatives of a, and let H = T.D where T is a discrete normal sub- 
group of G. Then the natural homomorphism G — )■ Aut{H,T(a)) induced by the 
G-action by conjugation is continuous. 

Proof. Note that F is a discrete normal subgroup of {H,T(a)), and we have H = 
T.D. Note also that D is an open subgroup of LN(G, a) with respect to the 
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localised topology 7(a), so the Braconnier topology on Ant{D,T(a)) is compatible 
with the Braconnier topology on Aut(LN(G, a), T{a))- 

Let ((?.„) be a sequence tending to the identity in G; let K d H be 7^Q,)-compact and 
V < H he a. T[a)- compact open subgroup. We need to show that [(?„, K] U [f?"^, K] 
is contained in V for all sufficiently large n. Since H = T.D, it suffices to deal 
with the case when K = 7C with 7 G F and C C -D is 7(Q,)-compact. For n 
large enough, we have [gn, 7] = 1 since F is contained in the quasi-center of G. 
Therefore [gnyjC] = ^[gnjC]^"^. Remark that W = j"^Vj is a compact open 
subgroup of {H,T(a))- By Proposition 17. 8[ we have [5'„,C] C W for all sufficiently 
large n. Hence [gn, 7C] C V for all large n. The argument with g~^ instead of gn 
is similar. D 

Remark that, in general, a compact subgroup of a t.d.l.c. group that is commensu- 
rate to a locally normal subgroup need not itself be locally normal. For example, 
if G has trivial quasi-centre, then the only finite locally normal subgroup is the 
trivial one, but G may still have non-trivial finite subgroups. Proposition 17.81 leads 
to an interesting criterion for compact subgroups to be locally normal. 

Proposition 7.10. Let G be a first- countable t.d.l.c. group and let a G CM{G). 
Let L be a compact subgroup of G such that [L] = a. Then L is locally normal in 
G if and only if L < LN{G, a) . 

Proof. If L is locally normal, then L < LN{G, a) by definition. 

Assume conversely that L < LN(G, a). Since Ga is open, it follows that a subgroup 
of G contained in Ga is locally normal in G if and only if it is locally normal in 
Ga- Moreover, every locally normal representative of a is contained in Ga- Thus 
we have LN(G, a) = LN(Ga, a), and there is no loss of generality in assuming that 

Ct = Ga- 

Let D be the group LN(G, a) equipped with the localised topology T(a)- Note that 
L is compact with respect to T^a)- Thus L is an open compact subgroup oi D. In 
particular the collection 2l(L, L) of automorphisms of D which stabilise L is an 
identity neighbourhood with respect to the Braconnier topology on Aut(D). Since 
the natural map G — )■ Aut{D) is continuous by Proposition 17.81 there must be an 
open subgroup of G that normalises L. D 

If U is an open compact subgroup of G that fixes a, there is a useful description 
of LN(G, a) n t/. 

Proposition 7.11. Let G be a first- countable t.d.l.c. group, let a G CM{G) and 
let U be an open compact subgroup of G such that U fixes a. Let L be a closed 
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subgroup of U such that [L] < a. Then L < LN{G,a) if and only if there is a 
closed normal subgroup M of U such that L < M and [M] = a. 

Proof. By Lemma [7.41 there is a normal subgroup N oi U such that [A^] = a; by 
definition, A^<LN(G,a). 

Let L be a closed subgroup of U such that [L] < a. Suppose L < LN(G,a). By 
replacing L with LN we may assume N < L. By Proposition I7.10[ L is locally 
normal in G. In particular, L/N is a finite locally normal subgroup of U/N, so 
N[//Ar(L/iV) has finite index in U/N, and hence Cu/n{L/N) has finite index in 
U/N. Now by Dietzmann's Lemma (see Lemma [6.111) . it follows that the normal 
closure M/N of L/N in U/N is finite and hence closed, so M is a closed normal 
subgroup of U such that [M] = a. D 

Corollary 7.12. Let U be a first- countable profinite group and let L be a closed 
subgroup. Assume that L is commensurated and locally normal in U. Then the 
abstract normal closure of L in U is closed, and contains L as a finite index 
subgroup. 

Proof. Let A^ be the abstract normal closure of L. Since a = [L] is fixed by G by 
hypothesis, we have A^ < LN{G,a). The previous proposition therefore implies 
that a has a representative M that is normal in U and contains L. Thus M is 
closed, the index of L in M is finite and we have L < N < M. Therefore A^ is 
closed and contains L as a finite index subgroup. D 



8 Some remarks on groups with commensurated 
subgroups 

Much of the machinery we have developed so far for t.d.l.c. groups also applies 
in the a priori more general setting of Hecke pairs {G,K), that is, a group G 
together with a subgroup K such that G = CommG'(i^). (For simplicity, let us 
restrict to the case when K is residually finite; it certainly will be, for instance, if it 
does not contain any non-trivial normal subgroups of G.) Say a Hecke pair (G, K) 
is proper if \G : K\ and K are both infinite. The methods can be reapplied in 
two ways: One approach is to use definitions that make no reference to topology, 
and derive results from these; another is to embed the abstract group G as a dense 
subgroup of a t.d.l.c. group F, so that the closure of if in F is open and compact. 

As an example of the first approach, one could define the abstract (i.e. non- 
topological) structure lattice as follows: 
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Definition 8.1. Let {G,K) be a Hecke pair. Say two subgroups L and M of 
G are /i-equivalent if there is a subgroup K2 of K of finite index such that 
L n K2 = M D K2. Say a subgroup L of G is K-locally normal ii \L : K D L\ 
and \K : Ni^(L)| are both finite. Define the structure lattice CJ\f{G,K) of G 
relative to K to be the set of i^-equivalence classes of ii"-locally normal subgroups 
of G, with order induced by the inclusion order. This forms a lattice: given 
a,/3 e CJ\f{G,K), the greatest lower bound of a and /3 is [L fl M] where L and 
M are any representatives of a and (3 respectively, while the least upper bound is 
[LM] where L and M are representatives chosen to normalise each other. 

For the second approach, there is a canonical embedding of G in a t.d.l.c. group 
Gk with the properties we are seeking; see for instance [2] or [13]. There is then 
an induced lattice homomorphism from LN'{G,K) to CM{Gk)i and one can 
study G via its action on either lattice. The relationship between CM{G, K) and 
LN'{Gk) is not straightforward, even in the case that G = K. On the one hand, by 
looking at compact locally normal subgroups of Gk-, we can only detect subgroups 
of G that are intersections of subgroups commensurate to K] so is injective 
in the case that K has a certain separability property (namely, that every locally 
normal subgroup is an intersection of subgroups of finite index) , but not in general. 
On the other, there may be distinct locally normal subgroups in Gk that are not 
distinguished by their intersection with G: for instance, if we consider the usual 
embedding of Z in its profinite completion Z, then Z has trivial intersection with 
each of the Sylow subgroups Zp of Z. Note that (j){CM{G,K)) is invariant under 
the action of Gk on CN{Gk)] indeed, Gk has the same orbits as G on Gk, since 
G is dense and stabilisers of elements are open. 

Under suitable conditions, one could also define local decomposition lattices 
CV{G,K;a) and the centraliser lattice CC{G,K) similarly to CJ\f{G,K), with- 
out recourse to topology, but there is less interest in doing so: any two distinct 
element of £A/'(G, K) that are represented by centralisers will map under to 
distinct elements of CM{Gk)i since centralisers in a topological group are closed. 
(In the case of the local decomposition lattice, one finds that CV{G,K] [L]) is 
contained in CV{G, K; [L]).) 

Given a Hecke pair {G,K), we may be interested in the actions p of a group G 
on Boolean algebras A, such that K has finite orbits on A. These are also taken 
care of by the theory of t.d.l.c. groups: we can equip Aut(^) with the pointwise 
convergence topology, and then p{G) is a t.d.l.c. group acting smoothly on A. 
(In general p{K) need not be an open subgroup of p{G), but this poses no real 
difficulties.) In fact one can easily show that every action of G on ^ of this kind 
factors through a smooth action of Gk- 
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